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Abstract

In this paper we characterize the range of the matrix Radon transform by invariant differential operators.
This generalizes analogous results for the d-plane transform in R”.
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1. Introduction

The matrix Radon transform can be viewed as a generalization of the Radon d-plane transform
in R”. Various aspects of this transform, which was introduced by Petrov [14] in 1967, have been
investigated by several authors.

The inversion of this transform on various function spaces has been fairly well studied. (See
Petrov’s papers [14,15], in addition to [12,17-20,22].) The detailed and comprehensive mono-
graph by Ournycheva and Rubin [11] presents several new inversion formulas, making use, of,
among other things, Garding—Gindikin fractional integrals or shifted dual transforms.

In this paper, we investigate the range of this transform. When the space = of matrix planes
has the same dimension as the source manifold M, ; of n x k real matrices, this range can be
characterized by moment and/or Cavalieri conditions. (See Petrov’s paper [16].) In particular,
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when k = 1, Petrov’s conditions reduce to the usual moment conditions characterizing the range
of the classical Radon transform on S(R”") or D(R").

Our objective is to characterize the range when dim(&') > dim(M,, x). When k = 1, this trans-
form is just the usual d-plane transform on R", where d =n — m and m > 1. In this case the
range can be characterized by differential equations, either in parametric form (i.e. using John’s
equations [2,8]) or group-invariant form [4,21]. Our main result, Theorem 6.2, is a range charac-
terization of the matrix Radon transform on the Schwartz space S(M,, x), for arbitrary k, using
differential equations of the latter variety. (This has the advantage of allowing us to use various
Lie-theoretic tools.) Along the way, in Theorem 6.7, we will prove a weak Nullstellensatz for
real irreducible polynomials in R” which we hope might be of independent interest.

Our range-characterizing differential operators turn out to arise from Pfaffian-type elements
of the universal enveloping algebra of the Lie group (O(n) x O(k)) < M, i. If we consider this
group to be a Cartan motion group of the orthogonal group O(n + k), then our operators turn out
to be “contractions” of appropriate invariant elements from the latter group.

2. The space of matrix planes

Let M, ;. denote the vector space of real n x k matrices. In what follows, we assume that
k < n. We define the rank of M, i to be k. A Stiefel matrix is a real matrix whose columns are
orthonormal. Let St(n, m) denote the set of n x m Stiefel matrices, identified in the natural way
with the Stiefel manifold of orthonormal m-frames in R”. (Here, of course, m < n.)

Fix a Stiefel matrix F € St(n, m) and an m x k real matrix B. Define the subset £[F, B] of
M, i by

E[F,Bl={X €M, |'FX =B}. 2.1

It is clear that £[F, B] is an affine plane in M, ; of dimension (n — m)k. In particular, when
k=1, £[F, B] is an (n — m)-dimensional plane in M,, ;| = R". Following the terminology in
[15], we call £[F, B] a matrix (n — m)-plane, or, more simply, a matrix plane.

Note that £[F, B] = FB +£[F, 0], and from this it is not hard to see that E[F, Bl =&[F’, B']
iff F/ = Fo and B’ = o~ ! B for some o € O(m). Hence the space = of matrix (n — m)-planes
can be identified with the (total space of) the associated bundle St(n, m) Xo(n) Mm i over the
Grassmannian G, ,, of m-dimensional subspaces of R".

It follows that = has dimension m(n — m + k); hence dimM,, y < dim & iff k <m <n. In
order to avoid considering the trivial cases in the Radon transforms we investigate in this paper,
we will assume throughout that k <m < n.

M, ) is, of course, just a Euclidean space, with inner product (X,Y) = tr(XY). We
provide it and its matrix planes with the usual Euclidean structures; the function spaces
DM i), S(My 1), L2(Mn,k), etc., then have their usual meaning.

The compact Lie group O(n) x O(k) acts naturally on M, ; via left and right multiplication:
(u,v) - X =uXv~'. We define the matrix motion group G of M, x to be the semidirect product
(O(n) x O(k)) x M, i, where the group operation on M, i is just addition. Denote a typical
element of G by (u, v; E), where u € O(n), v € O(k), and E € M,, ;. The multiplication in G is
given by

(ur,vi; EY) - (u2,v2; E2) = (uuz, viva; Ey +up Exvp ') (2.2)
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and inversion by
(u,v; E)fl =(u7],v71; —uilEv). 2.3)

G acts transitively on M, ; via (u, v; E)-X =uXv ™'+ E; when k > 1, itis a proper subgroup of
the group of all rigid motions of the Euclidean space M, x. If we identify M, ; with the tangent
space of the real Grassmannian G, ¢, = O(n 4 k)/(O(n) x O(k)) at the identity coset o, we
see that G is just the Cartan motion group of the symmetric space G4k , at o.

The motion group G permutes the matrix planesin & viag-&§ ={g- X | X €&}, forge G
and £ € &'. Explicitly, one can see that this action is given by

u, v E)-£[F, Bl={X € My x| (u,v; E)~"- X € £[F, B]}
=&[uF, Bv ™' +'Fu"'E]. (2.4)

It is clear from (2.4) and the differentiable structure of = = St(n, m) Xo@m) Mu,k that G acts
smoothly and transitively on &, preserving its fibers.

Conventions. If @ is any mapping on =, we will denote the image @ (§[F, B]) by @[F, B]
instead, for simplicity. In addition, by “differential operator” on a manifold we will mean a
smooth linear differential operator on the manifold.

3. The matrix Radon transform

Following [14] we define the matrix Radon transform R on functions on M, ; by

Rf[F,B]= / f(X)dm(X), 3.1

§[F,B]

for all suitable functions f on M, j, where dm is the Euclidean measure on £[F, B]. (We will
work primarily with f in the Schwartz class S(M,, x).) R is then the Radon transform associated
with the double fibration

G/(KNH)

/ \ (32)

M, =G/K 5=G/H

(See [7] for the general theory of homogeneous spaces in duality and their associated integral
transforms.) Here K and H are the isotropy subgroups of the G-action on M, x and &, respec-
tively, at suitable points. To fix matters, we set K = O(n) x O(k), the subgroup of G fixing
0 € My, k., and we let H be the subgroup of G fixing the matrix plane &y = £[ Fy, 0], where Fy is
the m-frame [ey, ..., e;]. (Here e; denotes the jth basis vector of R".) Clearly, & is the vector
subspace of M, ; consisting of the n x k matrices of the form

™)
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and from this it is easy to see that H = ([O(m) x O(n —m)] x O(k)) x &y. The incidence relation
corresponding to the diagram (3.2) is just inclusion.

When k =1, R is just the usual (n — m)-plane Radon transform on R". The papers [11—
15] deal with various aspects of the transform R. For example, [11] gives very nice inversion
formulas for R on various function spaces in terms of Garding—Gindikin fractional integrals or
shifted dual transforms when dim M,, x < dim Z'; in [15] range and support theorems are given
for R when m =k (so that dim M,, y = dim &).

Since left multiplication by O(m) preserves the inner product (B, C) = tr('BC) on the vector
space My, i, the Euclidean inner product on M,, ; gives rise to a Riemannian structure on the
associated bundle & = St(n, m) xXom) Mm k. If &€ =&[F, B], we put || = || B||; this represents
the distance from 0 € M, ; to £. As in [14] we let S(&) be the space of all C* functions ¢
on = which are rapidly decreasing on the fibers of Z. In the next section, we will give a more
precise definition of S(Z) suitable for our purposes, and equivalent to that in [14]. (An equivalent
definition is also presented further down in this paper, in Egs. (6.50) and (6.51).)

Each fiber {§[F, B] | B € M,, x} of the vector bundle &' = St(n, m) xo@n) M, x corresponds
to a spread (i.e., a parallel family) of matrix planes (see [2]), and every integral over M, ; de-
composes into a double integral along this spread:

/f(X)dX: / /f(X)dm(X)dB: / Rf[F, B1dB, (3.3)
M k

BeMm,kg[F’B] BeMm,k

forany f e L! (M, k). (3.3) is easy to verify when F = Fp; it holds in general for any fiber since
left multiplication by each u € O(n) is an isometry on M}, ; and the O(n)-action is transitive on
the spreads.

Let f — ]7 denote the Fourier transform on M, j:

fy)= / FX)e "0 gx feS(M,p), (3.4)
M)l,k

and let ¢ — F¢ denote the Fourier transform on the fibers of =':

FolF,Cl= / ¢[F, Ble '"BO gB ¢ e S(8). (3.5)
Mm,k
It is not hard to show (using Eq. (4.4)) that F¢ is a well-defined function in S(Z'); we call it the
partial Fourier transform of ¢.

Now the matrix Radon transform R maps S(M, ;) into S(&) (see [15]), and we have the
following Fourier slice theorem: if f € S(My ) and £[F, C] € E, then by (3.3)

f(FC): / f(X)e*itr(’C’FX)dxz / f f(X)dm(X)e’“r(tCB)dB
My k BeM,, « £[F,B]

- / Rf[F, Ble™'"(®) 4B = F(Rf)[F,C]. (3.6)

Mo k
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Note that (3.6) also holds for any f € Ll(M,,,k) since by (3.3), Rf is a.e. defined and inte-
grable on each spread. As a consequence, R is injective on L' (M, ;).

4. The universal enveloping algebra of G and the matrix Radon transform

Let g denote the Lie algebra of the matrix motion group G, and let U(g) be its universal
enveloping algebra. The matrix Radon transform R commutes with the left action by G, g, and
U (g) on functions on M, x and Z. To be precise, let A and v denote the left regular representa-
tions of G on smooth functions on M, ; and =, respectively:

MOfX)=f4X)=f(¢g7" X), g€G, X €My, (4.1)

for all f € C®°(M, x); and

V(@) =¢sE) =f(¢s'-€), g€G, E€E, (4.2)

for all ¢ € C*°(Z). Then denote by dA and dv the corresponding infinitesimal left regular rep-
resentations of U (g) on C*° (M, ) and C*°(&), respectively. We have, in particular,

r

dr(Yy - Y) f(X) = {a

mf(exp(—tr Y,)---exp(—t1Y1) - X)} (4.3)

t1=0,...,t,=0

for Y1,...,Y, € g. d\ and dv are algebra homomorphisms from U (g) into the algebra of differ-
ential operators on M, ; and &, respectively.

Let 3(g) denote the subalgebra of U(g) consisting of the elements invariant under Ad(G).
Since A(g) o dA(U) o A(g~") = dA(Ad(g)U) forall g € G and all U € U(g), dr(3(g)) consists
of G-invariant differential operators on M, .

At this point let us provide a precise definition of the Schwartz space S(&'). We say that a
C® function ¢ on = belongs to S(&) iff for any U € U(g) and for any N € Z*, ¢ satisfies the
condition

leliv.u :=§ug EIN]dv(U) @(&)| < +o0. “4.4)
(1)

The vector space S(Z), equipped with the locally convex topology defined by the seminorms
| |z, is a Fréchet space.

Since the matrix motion group G is a Lie subgroup of the group of rigid motions on M, k,
we find that A(g) and dA(U) leave S(M,, i) invariant, for any g € G and U € U(g). Likewise, it
is easy to see from (2.4) and that v(g) leaves S(&) invariant, and, certainly from (4.4), dv(U)
leaves S(&) invariant.

It is, moreover, a straightforward (albeit tedious) computation, again using (2.4) and (4.4), to
show that v is a strongly continuous representation of G on S(Z'). Finally, the partial Fourier
transform ¢ + F¢ can be shown to be a topological isomorphism of S(Z) onto itself.

From the double fibration (3.2) we have R(A(g) f) = v(g)Rf forall f € S(M, ;). Then using
(4.3) we obtain

R(dA(U) f) =dv(U) Rf. 4.5)
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By the Fourier slice theorem (3.6), R is injective on S(M, ;). Hence by (4.5), ker(dv) C
ker(dA). It U € ker(dX), (4.5) also shows that any function ¢ in the range RS(M, ;) satis-
fies the system of differential equation dv(U)¢ = 0. These equations are nontrivial if ker(dX) \
ker(dv) # 0.

In this paper we will show that when k < m, these equations are sufficient to characterize the
range as well, and that in fact there exists a single element W € 3(g) of order 2k + 2 such that

RS(My ) = {9 € S(8) | dv(W)p =0}. (4.6)
5. A central element in U (g)

For the rest of this paper, we assume that k < m. In this section, we will use the adjoint
relations in g to produce the element W € 3(g) asserted in Eq. (4.6). Now g = (so(n) x so(k)) %
M, x = so(n) ®so(k) ® My . For a basis of so(n) we take the elementary n x n skew-symmetric
matrices X;;, where 1 <i < j <n; likewise we take for a basis of so(k) the elementary k x k
skew-symmetric matrices Y,s, where 1 < r < s < k. Finally, we take for a basis of M, ; the
elementary n x k matrices Ej,, with 1 < p <n,1 < g <k. Then g has basis {X;;, Y;s, Epq}.
Here we identify X;; € so(n) with (X;;,0,0) € g, etc. The group laws (2.2) and (2.3) for G
immediately imply the following adjoint relations on g:

Ad(u, 1;0)(0,0; E) = (0,0; uE), (5.1)
Ad(1,v;0)(0,0; E) = (0,0; Ev™"), (5.2)

foru € O(n), v € O(k), and E € M, x. Likewise, we have

Ad(1,1; E)(X,0;0) = (X,0; —XE), (5.3)
Ad(1,1; E)(0,Y;0)=(0,Y; EY) (5.4)

for X e so(n), Y €so(k).
From (5.3) we see that

ad(Eys)Xij = 8ir Ejs — 8r Eis. (5.5)

To facilitate what follows, we introduce some additional notation. For positive integers d < r,
let Py, denote the set of all permutations of {1,...,r} taken d at a time, and let 7, , denote
the collection of all d-element subsets of {1, ..., r}, considered as increasing sequences J =
(j1,-.., ja) of length d in {1, ..., r}. Using this convention, we have Ty , C Py ,. For J € Ty ,,
let &(J) denote the set of all permutations of J (written as ordered r-tuples), so that Py, =
UJGT‘” &(J). If J' € &(J), we denote its sign by €(J’).

Let A = (a;j) be any r x s matrix with entries in some commutative ring. If I" = (i1, ..., ig)
and J' = (ji, ..., ja) belong to P4, and Py s, respectively, we let A;r ;- denote the d x d sub-
matrix (i j; )y ;-

If r =5, so that A is a square matrix, and d < r, then the Laplace expansion theorem states
that

det(A) = 26(1, J)det(Aq,...a).1) det(A@+1,...r).0) (5.6)
1.J
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where the sum is taken overall / € Ty ,, J € T,—4,, such that I N J = (a “(d, r — d)-shuffle”).
Here €(/, J) denotes the sign of the shuffle (1, J) of {1,...,r}.

Let E denote the n x k matrix whose (i, j)-entry is the vector E;; € M ;. Fix d < k. For
leTy,and J €Ty, let Dy y=det(E; ;) € UM, ) C U(g). Explicitly, if 1 = {iy,...,iq}
and J = {1, ..., ja}, Dy, is the element of U (g) given by

Dy = Z €0)Esiji - Eolig)ja- (5.7
oe&(I)

Note that all the factors in each term above commute.
Now from (5.1), we see that Ad(u, 1;0)E;; = Y, u;i Ej; for all u € O(n). This can be
generalized to the following result.

Lemma 5.1. Let [ € Ty ,, and J € Ty k. Then for u € O(n), we have

Ad(u, 1;0)Dy ;= Y det(ur)Dr ;. (5.8)
LGTdV,,

Proof. Let I ={iy,...,ig} and J ={ji,..., ja}. Then

Ad(u, 1;0)Dy ; = Ad(u, 1; 0) Z €O)Eo(iji - Eoig)ja
ceS (1)

n n
Y €0 (Z Mzo(mEm) o (Zulaud)Eljd)
=1

ceB() I=1

Z €(o) Z Uno(iy) " Uigo ) Elji - Elgjg

ce&) 1<l oy <n

Z det(uyi, ) En jy -+~ Eigjg
1<l g<n

> det(uyi)Enjy - Eigjg
I,...0q
different

Yo Y e@det@r, D Eway - Eeaia

LeTy, t€6(L)
L={ly,...,14}

Z det(ML,[)DL’A. O
LeTy,

One can prove a similar result for the right O(k) action:

Lemma 5.2. Let [ € Ty ,, and J € Ty k. Then for v € O(k), we have

Ad(1,v;0)Dy,y = Z det(vg, j)Dj Rr- (5.9
ReTyk
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Next let I € Ty42 ,. (Recall that we are assuming that k < m < n.) Denote by V; the element
of U(g) given by the expression

Vi= Y e(li, i), I\{i, j})Xij Divii jy- (5.10)
i<j
{i,jycI
Here we have put Dp\; jy = Dp\(i, j1.(1,....k}» for simplicity. Note that each term X;; Dy\(;, jy in
the sum above is an order k 4 1 product in U (g) in which all the factors commute.
As an example, whenk=1and I € T3 ,, I: i < j <[, we have

Vi = XUE] - Xl'lEj + leE,'.

We can also view V; as follows. Let X denote the n x n skew-symmetric matrix with vector
entries X;;. That is, we put

0 X2 ... X
—X12 0 . X
X= . . (5.11)
—X1. X ... 0

If E; is the submatrix E; (1, xy of E and X; = X/ ;, then it is not hard to show that V; is the
Pfaffian of the following (2k 4+ 2) x (2k 4 2) skew-symmetric matrix

Ocxk —'Er
< E, X, ) (5.12)
We now examine how V; transforms under the adjoint action of G.

Lemma 5.3. For any u € O(n), we have

Ad(u, 1;0)V; = Z det(upr) V- (5.13)

MeTiion
Proof. One can verify by an easy calculation that in O(n),

up U

Xir.
Urji Uyj

Ad(u)Xij = Z

1<l<r<n

Hence by Lemma 5.1 and Eq. (5.6) we obtain

Adw, 1;0)Vr = e((i. j1 1\ (i, j})(Ad@) Xij) (Ad(u. 1:0) D jy)

i<j
{i.jyci

= > el Yo | VX Y dettur ) De
i<j I<i<rgn! 0 LeTy

{i,jycl
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Ui, Ui, . u”k+2
Uriy Uriy s Uripys
= Z Z Uiy Uhiy -+ Uhio | XDy
ISl<rsnLelin | ... e e

Uiy Wlip - v+ Ulpigyn
(In the inner sum, we have put L = {l1, ..., k}.)

= Z det(up. 1) Z e({l.r}, M\ AL, r}) X1 D\ 1.1y

MeTiio.n {l,ricm
= Z det(uM,I)VM. O
MeTii2.n

Lemma 5.4. Let v € O(k). Then
Ad(1,v;0)V; =det(v)V; =LV (5.14)

Proof. From (5.10), Lemma 5.2, and the fact that O(n) and O(k) commute in G, we have

Ad(L,v; 00V = >~ e({i, j), I\ {i, j})(Ad(1, v; 0)X;;) (Ad(1, v; 0) Dy jy)
e
= Y e(ti, ) I\ G, ) Xij(det)Dpy, jy) = det)Vy. O
i<j
{i,jyci
Lemma 5.5. For 1 <r <n,1<s<kandI € Tiy2,,, we have
ad(E,s)V; =0. (5.15)

Proof. Using the adjoint relation equation (5.5), and the fact that M}, x C G is abelian, we obtain

ad(Er) V= Z e({i, j}. I\{i, j})@SirEjs — 8r Eis) Dp\yi jy-
i<j

{i,jyc1

If r ¢ I, the right-hand side above obviously equals 0. So assume that » € . Then the right-hand
side equals

> e(r i INNEjs Dy — Y €({ir) I\{i. ) EisDpjin)

Jel. j>r ieli<r
= D el INE)e(t) N ) Ejs Dy
jel,j>r
— > —e(rh I\ UrY)e({id, I\ (i, r}) Eis Diygipy
ieli<r

=e(lrh IN(r)) Y e(teh, I\{E,r)) Ees Diyge.n)-

tel, tr
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Now if we put I = {iy, ..., ixs2} and r = i,, the last expression above is just (—1)*~! times the
(k+1) x (k + 1) determinant

Ei|,S Ei],] Ei1,2 Ei],k
Ei_\s Ei_1 Ei,,2 ... Ei_x
Eiirs Eig1 Eigy2 Eiirk
Eik+z,s Eik+2,1 Eik+z,2 Eik+2,k

when expanded by minors along the first column. This determinant clearly equals 0. O

Corollary 5.6. For any E € M, y and I € Ti42 ,, we have

Ad(1,1; E)V; =V;. (5.16)
Ford =1, ..., k, we define the elements

Qi= ), Dj;eU@ (5.17)

I1€Ty

JeTy k

and
Quri= ) VieU(@. (5.18)
IeTk+2.n

For each [, Q; is an order 2/ element of U (g). The results above, from Lemma 5.1 to Corol-
lary 5.6, show that the Q;’s belong to 3(g):

Theorem 5.7. Forl=1,...,k+ 1, Q; € 3(g).

Proof. Using Corollary 5.6, we see that Ad(1, 1; E)Q; = Q; for each E € M, and each [ =
1,...,k+ 1. Let us now show that Q41 is invariant under Ad(u, 1; 0) for each u € O(n). The
proof that Q; is invariant, for / =1, ..., k, is similar.

Let W = /\k+2 R”, and equip W with the inner product (v; A -+ A Vgg2, W1 A -+ A Wgg2) =
det(v; - w;). The standard representation of O(n) on R" extends to a unitary representation of
O(n) on W via the operators /\k+2u : /\k+2 R" — /\k"’2 R”, u € O(n). Letting ey, ..., e, be
the standard basis of R"”, we see that by Lemma 5.3, the linear map ¢ : W — U(so(n)), e; :=
ey N---Nej, = Vi (I ={i1,...,ig12} € Tiq2,), is equivariant under O(n). (Here we note
that /\k+2(u) ey =) jdet(uy)es.) The linear map ¢ @ ¢: W @ W — Uu(so(n)), given on
decomposable elements by ¢ ® ¢(w] ® w2) = p(w1)@(w?) is also O(n)-equivariant. Now ¢ ®
ple; @ep) = VIZ. Since the e; (I € Ti42,) form an orthonormal basis of W, and the tensor
Z,erk%n e; ® ey is an O(n)-invariant element of W ® W, it follows that Uy = Z,eTk” V12 is
also O(n)-invariant.
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An analogous argument shows that Ad(1,v;0)Q; = Q; forall ve O(k) and all =1, ...,
k+1. O

We can complete the Q; in (5.17) and (5.18) to a set of generators of U (g) as follows. Let d
be any positive integer such that k +2d < n.If I € Ty424.n, let V; be the element of U (g) given
by

V= Z e(J,I\NJ)D;X ;. (5.19)

Jcli
#J=k

Asin (5.10) we have put D; = Dy (1, . xy for simplicity. Note that the sum above ranges over all
J € Ty, contained in I, and that V; is an element of U (g) of order k + d. It can be shown, as
with (5.12), that V; is the Pfaffian of the (2k + 2d) x (2k + 2d) skew-symmetric matrix

<Ok><k —’EI) (5.20)
E; X; '

whose entries are vectors in g. Moreover, it can be proved in a manner similar to the lemmas
above that the V; behave as follows under Ad(G):

Ad@w, 1;0)Vi= > uyVs, ueO(m),

J€Tk+2d,n
Ad((l, v; 0)V; =det(v)Vy, veO(k),
Ad(1,; E)Vi=V, Ee€Myg. (5.21)

Hence as in Theorem 5.7, we see that the element Q44 = ZIETkJer . V12 belongs to 3(g). We
will not need the higher order Q; to characterize the range of the matrix Radon transform R.
Nonetheless, in a subsequent paper, we will prove the following result:

Theorem 5.8. The elements Qy, forl =1,...,[(n +k)/2], form an algebraically independent
set of generators of 3(g).

Remark 5.9. When k = 1, then G is just the Euclidean motion group, and the theorem above is
Theorem 2.1 of [3] or Theorem 5.1 of [5].

6. Differential equations and the range of R

In this section we will prove our main result characterizing the range of the matrix Radon
transform R :S(M,, i) — S(St(n, m) xoum) Mm,k), when k < m < n. The range-characterizing
operators turn out to be precisely the elements V; of U(g) defined in Eq. (5.10). Equivalently,
the range can be characterized by the single Casimir element Q1 defined in (5.18).

This section is organized as follows. Proposition 6.1 will establish that the differential equa-
tions dv(V)g =0 (for I € Ty42,,) are necessarily satisfied by any ¢ € RS(M,, k). Our main
result, Theorem 6.2, then shows that any ¢ € S(Z') satisfying these equations is of the form Rf,
for f € S(M, x). We will need several other results for the proof of our main theorem, in partic-
ular a crucial smoothness result in Theorem 6.10. The proof of Theorem 6.10 in turns relies on
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a version of the weak Nullstellensatz (Theorem 6.7) for irreducible polynomials in R”, whose
proof is postponed to Section 7. Theorem 6.10 generalizes a smoothness result for functions on
R”" arising from smooth functions on d-planes, which can be found in [2,4,21].

Recall from Section 4 that A and dA are, respectively, the left regular representation and the
infinitesimal left regular representation of G and U (g) on C*°(M,, ). If we equip M,, ; with the
standard Euclidean coordinates x;; (1 <i <n,1 < j <k), itis easy to see that

i)
d)L(Eij)z_ax“, 6.1)
tj
k
9 i)
M(Xij) = 1 = Xji— . 2
dr(Xij) ;(x”axﬂ x’lax,-l) (6.2)

This leads to the following result.
Proposition 6.1. Let I € T3 ,,. Then dA(Vy) =0.

Proof. By (6.2) we have

dr(Vp) = Z e({i, j3. I\ {i, j}) dM(X;j) dA(Dp\ji. j))
igicr

. . 9 9
= 2 6({1,1},1\{17]})<Z<Xﬂgﬂ—X.ﬂ%)) o dA(Dni,j))

i<j =1
{i.j}cl

0 d
:Z Z e({i, jh 1\ {i,j})(xiza _leﬁ.) odA(Dpi, jy)-

I=1 i<j J
{i.j}ct

We will show that each of the terms in the outer sum above vanishes. First, let us rewrite the /th
term in the outer sum as ) ; _; x;; E; ; 1, with

. . . ooy 9
Eipp=e(ib INGY) Y- (b I\, j}) 5 — 0 dA(Diyi )
jel,j>i Jl
. . . .oy 0
—e(tih INt) Yo (UL I\ 1) 5= 0 dADn ).
jel, j<i Jl
Now if I ={iy,...,ix+2} and i =1i,, then one can readily see from the above that E;; ; equals

the determinantal differential operator



244 E.B. Gonzalez, T. Kakehi / Journal of Functional Analysis 241 (2006) 232-267

3/8)611,1 —8/3)(,'1,1 —a/ax,'l,k
(_1ye-! 0/0xi,_,; —0/dxj,_;1 -+ —0/9xi,_

8/8x,~a+1,1 —8/3)6,‘“1’1 —3/3)6,’[1_”,/( ’

3/8xik+2’1 —3/8xik+2,1 —3/3xik+2,k

which equals 0. O

Recall that v and dv denote the left regular representations of G and U (g), respectively, on
C®°(Z). By Proposition 6.1, Eq. (4.5), and the subsequent remark, we have shown that the Vy,
for I € Tr42.n, give rise to necessary differential equations satisfied by the range of R:

RSMy 1) C {9 € S(E) | dv(V)9 =0} C {9 € S(E) | dv(Qr+1)¢ = 0}. (6.3)
The main result of this paper, given below, is that the above sets are equal.

Theorem 6.2. Let ¢ € S(E) satisfy the Pfaffian system dv(Vi)e =0, for all I € Tit2 . Then
there exists a function f € S(My, ) such that ¢ = Rf.

When k = 1, this result is just the range theorem for the d-plane transform on R”, where
d =n — m, which in parametric form goes all the way back to F. John’s famous 1938 paper [8].
See also [2,4,21].

Before we prove Theorem 6.2, we consider a few preliminaries. Let us first note that the last
two sets in (6.3) coincide. To show this, we will need to introduce some further notation. Since
G and H are unimodular, the homogeneous space & = G/H has a locally finite G-invariant
measure d&, unique up to constant multiple. Using the G-action on = given by (2.4), one can
see that this measure can be written in the following way. For each F € St(n, m), let (F) € G,
denote its linear span (i.e., the column space of F). If ¢ € L' (Z), we have

/w(&)d§=/ /(p[F,B]dBd(F),

o) Gn.m Mm,k

where d(F') is the normalized O(n)-invariant measure on G, s, .
Since d& is G-invariant, we see that for any I € Tj42 ,, the formal adjoint of dv(Vy) is
(=D dv(vp):

(dv(VDe, ¥) = (o, (=D dv(v)y)

for ¢, ¥ € S(&), where (-,-) denotes the L? inner product in Z.

We deduce from this that if ¢ € S(&), the (Pfaffian) system of equations dv(V;)¢ =0 (I €
Ti+2.) 1s equivalent to the order 2k 4+ 2 G-invariant differential equation dv(Qg+1)¢ = 0. In
fact, if dv(Qk+1)¢ = 0 then

0=(dv(Qr+1)p. p) = (=D Y~ {dv(VD)g, dv(Vi)g),

1€Tii2.n
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so that dv(Vy)e =0 for all I. (The converse is, of course, trivial.) This shows that the last two
sets in (6.3) are equal.
Next we use the partial Fourier transform F on £ to introduce the representation v of G on
S(&) by
V@ =F(v(gF @), @eSE), (6.4)
or in other words,

V(@) Fo=F(v(g)g). ¢eS(&E). (6.5)

Upon differentiation, we obtain the associated (infinitesimal) representation dv of U (g) on S(&),
which is given by

dv(D)® = F(dv(D)F~'®). (6.6)
Note that by (2.4) and (3.5), we have
V(u, v; 0)®@[F, Cl=v(u,v; )@[F,C] (6.7)
for all u € O(n), v € O(k), and
T(1, 1; E)®[F,Cl=e " EFOg[F (] (6.8)
for all E € M,, ;. Equation (6.7) gives us
dv(X;j))®[F,Cl=dv(X;j)®[F,C]l, 1<i<j<n, (6.9)
and from (6.8) we get
dV(E)®[F,C]=—itt('EFC)®[F,C] (6.10)
for all E € M), . In particular, this last equation implies that
dV(Ej)®[F,Cl=—i(FC) ®[F,C]
so that forany / € Ty , and J € Ty ¢,
dV(D;))®[F,Cl= (i) det((FC) ;) P[F, C]. (6.11)

Here (FC);y denotes the d x d submatrix ((FC);j)ier,jes of FC.
If I € Tyy2,,, we see that (6.9) and (6.11) imply that

dv(V))®[F, C]
=" D e(li. j} I\ {i. j}) det((FC) i jy) dv(Xij) @[F, C1. (6.12)

i<j
{i.j}yct
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In the above we have written (as in Section 5) (FC)p\;, j; to denote the k x k submatrix of FC
whose rows are in I \ {i, j}.

In addition, by (6.7) or the fact that the partial Fourier transform F commutes with the action
of O(n) x O(k) on =, Lemmas 5.3 and 5.4 show that

(@) “ " = v, 1;0) 0 d¥(Vp) o v(u', 1;0)

= Y det(uyn)d¥(Vy). ueO(m) (6.13)

MeTiion

and

(@) = (1, v;0) 0 d¥(Vy) 0 v (1,075 0)
—+dV(V)), veO). (6.14)

Finally, let w : & — M, i be the map given by n[F, C] = FC. Using local cross-sections
from & into St(n, m) x M, , we see that  is C*°. Since k < m, it is clearly surjective. 7 also
commutes with the action of O(n) x O(k) on & and on M, j:

7 ((u, v;0)-&[F,Cl) = (u, v;0) - 7[F, Cl=uFCv ", (6.15)

forallu € O(n),v e O(k),and [F,C] e &.

For the rest of this section, we will be proving our main result, Theorem 6.2, via a series
of lemmas. Suppose then that ¢ € S(&) satisfies the Pfaffian system dv(V;)p =0 for all I €
Ti+2.n. We want (eventually) to prove that ¢ = Rf for some f € S(M,, ). Let ® = Fgp. Then
@ satisfies the system dv (V)@ = 0. Let us now use the expression (6.12) for dv(V;), which
shows that it is, happily, a first order differential operator on =, in order to prove the following
crucial lemma.

Lemma 6.3. There exists a function h on M, ; such that ® =ho .

Remark 6.4. The function & whose existence is asserted here is not a priori smooth on M, k.
The smoothness of  is the subject of the next lemma.

We now prove Lemma 6.3. Suppose that X € M,, x. We want to show that @ is constant on
the preimage N X)) = {€[F, C]| FC = X}. Observe first that rank(X) = rank(C). Now X can
be expressed as a product

A
X = -1 6.16
u e v ( )

On—k,k

for some u € O(n) and v € O(k), where A1 > --- > A > 0, and the A ;’s are uniquely determined.
Let D be the middle “diagonal” matrix on the right-hand side of (6.16).
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By Egs. (6.13), (6.14), the translate ¥ = @@ ' v7h0) gatisfies the system dv(V))¥ =0, for
all I € Ti42 . Replacing @ by ¥ if necessary, we therefore see that in order to prove Lemma 6.3,
we only need to check that @ is constant on the preimage 7~ (D). We will do this separately
for D of varying rank.

First let us assume that rank(D) = k; that is to say, Ax > 0. (This is the generic case.) Let
& =&[F,C] € E be such that FC = D. Since the column space of D is a subspace of (F), we
can, by right multiplying F by an appropriate T € O(m) (and, of course, left multiplying C by
771 ), assume that

Okm—
Fe | km=k (6.17)

On—k,k F’
where F' € St(n — k, m — k). Then C must be of the form

Al
C= ' w |- (6.18)

Om—x k

For F and C given as above, we note that F’ is arbitrary; that is, F’ can be replaced by F'z, for
any T € O(m — k) (to give the same &). £ thus corresponds to an element of the Grassmannian
Gy—k m—k, and this shows that 7~ Y(D) is in one-to-one correspondence with G,k ,—. Fur-
thermore, if we dentify O(n — k) with the subgroup of O(n) given by the matrices

Iy O
(0 U), oce€0(n—k)),

we see that this Grassmannian is an orbit of O(n — k), and is thus an embedded submanifold
of Z.

So fix £[F,C] € 7~ YD), with F and C given as in (6.17) and (6.18). Using the expression
(6.12) for dv(V;), we obtain

0=dv(V))®[F,C]
= (=i)¥ Z e({i, j}, I\ {i, j}) det((D) 1\, jy) dv(Xij) PLF, C]. (6.19)
i<j

{i.j}cI

The determinant det(Dy\y;, ;) is nonzero only when I'\ {i, j} = {1, ..., k}, so the equation above
is not trivial only if we assume that I = {1, ..., k,r, s}, where k <r < s. For such I, (6.19)
becomes

0= (=i)*x1 -+ Axdv(X,s) P[F, C]
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and hence
dv(X,s) @[F,C]=0.

Since 7~ 1(D) ~ Gy—k,m—k 1s a connected orbit of O(n — k), and the dv(X,) (for all r and
s such that k < r < s) span the tangent spaces of this orbit, this last equation shows that @ is
constant on the orbit 7 ! (D). Using (6.16) and the subsequent remarks, this also shows that @
is constant on the preimages 7 ~!(X), when X € M, ; is of maximum rank.

In order to show that @ is constant on 7 ~1(X) for rank(X) < k, we proceed by downward
induction on rank(X). We have already proved the result for rank(X) = k. Now assume that @
is constant on all n’l(Y), forall Y € M, ;. of rank > [, where 0 </ < k.

Then let X € M,  be of rank /. As we have already seen, it is enough to prove this result for
X in “diagonal” form

Al

Al
X = 0 , (6.20)

On—k,k

Let £[F,C] € 7' (X). Since the column space of X is a subspace of (F), we can assume
(via right multiplication by an element of O(m)) that

0 . I 07 m—1
F= . l,m—I _ ‘

, 6.21)

On—1.1 ‘ F'
On—1,1 F’

where F’ € St(n —I, m —1). (That is, F’ is an (m — [)-frame in R"~ = Re; ;| + - - - + Re,,.) This
forces C to equal

Al
01,5~
C= by . (6.22)
Om—1.1 Om—1,k—1
Denote the columns of F’' by F/, ..., F,;%l. Since ] <k <m,we have m —[ > 2, so the linear

span of these columns in R” ! contains a nonzero vector of the form
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(6.23)

* % O %

By right-multiplying F’ by an appropriate element of O(m — [)—which yields the same matrix
plane £&—we can therefore assume that F| is of the form (6.23). Now we make the following
claim.

Claim. Fix any column of F', say F/. Let G’ be any element of St(n — I, m —[) whose rth column

coincides with F/: G' =[G,...,G._,, F/, G/r+1’ ..., G, _,]. Next let G € St(n, m) be given by
I ‘ 01,m—1
G= (6.24)
0n—1.1 ‘ G’

We claim that @[ F,C] = @[G, C].

Indeed, the claim follows from the induction hypothesis as follows. For any ¢, let C; € My,
be givenby C; = C +tEj 4, 41:

M 0 0
M0
0 0
Ct = .
0
t
0 0

Now FC; = GC; for all ¢, and rank(F C;) = [+ 1 when ¢ # 0. Thus, by the induction hypothesis,
D[F, C;] = D[G, C;] for ¢ # 0. Letting + — 0, we find that @[F, C] = @[G, C], proving the
claim.

Now let G" € St(n — I, m — ) be givenby G’ =[F|, G}, ..., G, _,], where

0
1

/
G, = 01 =eya.
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Such a G’ certainly exists, since F 1/ is assumed to be of the form (6.23). For this G’, let the
m-frame G be given by (6.24). Now from the claim, we conclude that @[ F, C] = @[G, C]. Our
claim, of course, applies equally well to G’ as it does to F’, so now let G” € St(n — I, m — ) be

the frame G” = [e;+1, €/+2, . . . , em]. Note that the second columns of G’ and G” coincide. Now
the m-frame Fy = [ey, ..., ;] can be written in block form as
] ‘ 07, m—1
Fy=
On—1.1 ‘ G"

Hence by the claim, we obtain @[G, C] = @[ Fp, C]. Together with the above, this shows that
D[F,C] = ®[Fy, C]. Since the £[F, C], where F is of the form (6.21) and C is of the form
(6.22), exhaust the set 7 1 (X), we have proved that @ is constant on 7 ~! (X). This finishes the
induction step and completes the proof of Lemma 6.3.

Remark 6.5. The proof of Lemma 6.3 actually shows that if a continuous function @ on & is
constant on the preimages 7~1(X) when rank(X) = k, then @ is constant on 7~ (X) for all X.

Remark 6.6. When m = k, the Casimir elements V; do not necessarily exist, unless k <n —2.In
such a case, it is easy to show that dv(V;) = 0 for all I, so the Pfaffian equations dv (V)¢ = 0 are
trivial. But these equations are not needed in the generic (maximum rank) case, since 7 1(X)
consists of a single matrix plane £[F, C]. (Simply take F to be any orthonormal basis of the
column space of X. Then C = 'F X; moreover, X is the point on £[F, C] closest to the origin.)
On the other hand, a (smooth) function @ on Z is not necessarily constant on the preimages
7~ 1(X) when rank(X) < k. This can be seen, for instance, when k = m = 1, in which case Z is
just the space of codimension 1 hyperplanes in R”. The additional conditions needed to make @

constant on the 7 ~!(X) are precisely the moment conditions given in [16].

Our next objective is to prove that the function 4 in Lemma 6.3 is C* on M, k. In order to do
this, we will need Theorem 6.7. This theorem, which is a C® version of the weak Nullstellensatz
for holomorphic functions on C" (see [6]), is of interest in its own right, and its proof will be
taken up in Section 7.

To begin, suppose that p is a C* real-valued function on an open subset O of R”. We denote
the zero set {x € O | p(x) =0} by V(p). A point x is called regular (for p) if V p(x) # 0; the set
of regular points in V(p) will be denoted by R(p). Following the terminology of R. Thom (see
Bochnak’s paper [1]), we say that p has the property of zeros in O if, whenever g is a real-valued
C®° function on O which vanishes on V(p), then p divides g; that is, g = ph for some C*®
function & on O. (Of course, this implies the same result for g complex-valued, as we can apply
the property to the real and imaginary parts of g.)

Theorem 6.7. Let p(x) be a polynomial with real coefficients in R”", such that p is irreducible
over C. Fix an open subset O of R". Suppose that R(p) is dense inV(p). Then p has the property
of zeros in O.

It turns out that the converse is also true for general p. More precisely, if p is any nonzero
C® function having the property of zeros in O, then R(p) is dense in V(p) [1, Proposition 1].
For us, the main purpose of the theorem is to be able to use a variant of the following corollary.
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Corollary 6.8. Suppose that g is a real-valued C* function on an open subset O of gl(n, R) =
M, such that g(X) = 0 whenever det(X) =0. Then g(X)/det(X) is C*™ on O.

Proof. It is clear that, for p(X) = det(X), the hypotheses of the theorem are satisfied, since
det(X) is irreducible over C, and since the regular set R(p) consists of all n x n matrices of rank
n—1. O

To prove the next theorem we will also need to prove the following nearly self-evident lemma.

Lemma 6.9. Let S be an embedded submanifold, of codimension > 0, of an open subset O
of R", and let g be a continuous function on O such that g € C1(O\ S). Suppose that the partial
derivatives dg/dx; (which exist and are continuous on O \ S) extend to continuous functions
on O. Then g € C1(O).

Proof. Assume that dim S =/ < n. We need to prove that for each s € § and each i, the partial
derivative dg/dx; exists at s, and that dg/dx; is continuous on all of O.

Fix sg € S. There is a smooth chart (U, yy, ..., y,) centered at sg, with U C O, such that with
respect to the y; coordinates, the submanifold S N U of U is given by an /-plane not containing
any of the y; coordinate axes.

By the hypothesis on g, if V is any continuous vector field on U, then V g (which is continuous
on U \ §) extends to a continuous function on U. For each j, put V = 9/9y;. Then by the mean
value theorem and the hypothesis on S, the partial derivative dg/dy; exists at each s € SN U,
and in fact 9y (s)/dy; is the value at s of the continuous extension of dg/dy; to U. Hence g
is C! on U with respect to the coordinates yi, ..., y,, and thus also with respect to the usual
coordinates x1,...,x, of R". O

We are now ready to prove that the function /# in Lemma 6.3 is smooth.

Theorem 6.10. Let h be any function on M, i such that hom is a C* function on St(n, m) Xogm)
My, k. Then h € C*°(M,, ).

Remark 6.11. When k = 1 and m > 1, proofs of this theorem can be found in [2,4,21]. In this
case the proof is easier, since it turns out the only real problem is to show that & is C°° near the
origin 0 € R".

Proof. The proof will be divided into several parts, and is an adaptation of the one in [4] for the
case k = 1. Unfortunately, it is long and some parts of it are rather technical.

Firstlet I € Ty ,. As in Section 5, for any X € M, ;, we will denote by X the k x k submatrix
X1,k of X. Put

M}, ={X € My x| det(X)) #0}.
Then M,{’k is an open dense subset of M, ;. The set M, ; = U,eTk” M,{’k consists of all n x k

real matrices of rank k. Let &' = n’l(M,’l’k). Clearly £’ = {£[F,C] € £ | rank(C) =k}, and
therefore = is a dense open subset of & .
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We also put
gl=x"(M])) (6.25)
and
Al=5\&". (6.26)
(A). h is continuous on M,  and C* on Mr’l‘k.

To prove that & is continuous, suppose that {X,} is a sequence in M, ; converging to a ma-
trix X. We shall show that 2(X,) — h(X). It is enough to show that if {X,} is any subsequence
of {X;}, then {X;} itself has a subsequence {X,} such that h(Xy;) — h(X).

For each s, choose an Fy € St(n, m) and Cs € M,, ; such that F;C; = X,. Since St(n, m)
is compact, there is a subsequence {Fj;} of {F;} which converges to a frame F € St(n, m).
Then, since C; = 'FyX,, we see that C := limj_>Oo Cs = lim,_mO’FS]X exists. Moreover,
FC=lim; , Fj; CY = X. But then, since & o 7 is contlnuous we have h(X) =hon|[F,C]l=
llm/—>oo(h © 77)[st , Csj] = hm/—>oo h(XYj)

We now prove that 4 is C* on M, . Let Xo € M), - Itis enough to produce a nelghborhood U
of X¢ in M,;’k and a C* section o : X — £[F(X), C(X)] of U into = such that F(X)C(X) =
forall X e U.

For each X € M|, ! i let Fx € St(n, k) be the orthonormal k-frame obtained from X by ap-
plying the Gram—Schmldt process to each of its columns. Then the map X +— Fx is C*. In
particular, the map H:X + (Fx) is a C* map of M, 4 into Gy k. (This latter statement is
independently obvious since (Fy) is just the column space of X.)

Now there exists a neighborhood W of (Fy,) in G, and a C* cross-section n: W —
St(n, n — k) such that for each T € W, n(t) is an orthonormal (n — k)-frame in R" spanning Tt
Put (1) = [7()1, ..., n(t)n_k]. Then let n’(z) denote the first m — k vectors in n(t).

Let U =H ' (W).If X € U, we denote by F(X) the m-frame

F(X)=[Fx.n'((Fx))].

The map X — F(X) is then a C* map from the neighborhood U of X into St(n,m). By
construction, for each X € U, the first k columns of F(X) span the column space of X, so there
is a unique matrix C(X) € M,, x such that X = F(X)C(X). (C(X) is of the form

C(X)=<C(X)),
Om—k k

where C’(X) is a k x k matrix, but this does not matter.) We have C(X) ='F (X)X, so the map
X > C(X) is a C*® map of U into M,, ;. We can now define o : U — & by

o(X)=&[F(X),C(X)].

Clearly, o is C* and satisfies 7 o o (X) = X. This finishes the proof of both claims in (A).
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By the above, for each X = (x;;) € M;l ¢ the n x k matrix VA(X) = (3h(X)/0dx;;) is well
defined, and the map X — VA(X) is a C* map of M,’l’k into M, ;. Our goal is to prove that for
each V € M,, i, there is a C* function @y on = such that

tr('(VA(FC))V) = ®y[F, C] (6.27)

for all £[F, C] € E’. The following argument shows that this will be enough to prove Theorem
6.10. Now any directional derivative of & on M,/l’k is of the form dA(—V)h(X) = ((VR(X))V).

If (6.27) holds, then @y is constant on the preimages 7~ ! (X) for all X € M,’,’k. Hence by Re-

mark 6.5, @y is constant on all preimages A (X), with X € M,, ;. Thus there is a function Ay
on M, i such that hy o = @y. By (A), hy is continuous on M, ; and C* on M;/z,k' But in fact,
by (6.27) hy (X) coincides with tr((VAR(X))V) for all X € M,’lqk. This shows that any directional
derivative of &, defined and smooth on M’;, &> can be extended to a continuous function on M, k.

We still need to prove that, for any V, the directional derivative dA(—V )k actually exists at
each point X € M,, ; of rank < k, and that this derivative coincides with the value of iy at X.
In other words, we need to prove that 2 € C'(M,, ;). We will do this by downward induction on
ranks, using Lemma 6.9. For each [ =0, ..., k, let S; denote the set of matrices X in M, ; of
fixed rank /, and let O; denote the set of matrices in M, ; of rank > /. Then O; is an open (and
dense) subset of M,, ; and §; is an embedded submanifold of O;.

We already know that & is C*° (hence C') on Oy = M’ - Suppose that [ < k, and assume

n

that & is C! on O;+1. We want to show that & is Clon ;. Foreach V e M,, k., the directional
derivative dA(—V)h, which by the induction hypothesis is defined and continuous on O;41,
extends to a continuous function on O; = §; U Oy 1. (In fact, it extends to a continuous function
hy on all of My, x.) From Lemma 6.9, it follows that / is Clon O ie., all the partial derivatives
of h exist and are continuous on (J;. Applying this argumentto [ =k — 1,k —2,...,0, we see
that h € CH(Op) = C 1(Mn,k). Since the partials of 4 now exist and are continuous at all points,
we have also shown, in particular, that dA(—V)h(X) = hy(X) foreach X,V € M, ;.

For each V € M, x, we next replace @ by @y and & by hy, Since hy o = @y, we can
apply the same argument as above to show that hy € c! (M, x) for all V. Hence h € C2(M,,,k).
Repeating this argument with higher order partials then shows that 1 € C*°(M,, ).

We now proceed with our goal of proving Eq. (6.27). As a preliminary matter, we will first
need to prove claims (B) and (C), which we will state below.

Let p: E — Gy, plF,C]l = (F) Z&[F, 0] denote the projection of the vector bundle & =
St(n, m) Xo@m) Mm k onto its base G, ;. The last relation corresponds to the natural identification
of G, with the zero section of the vector bundle =, and shows that p[F, C] is just the parallel
translate [ F, 0] of £[F, C] through the origin 0 € M, ;.

Next, suppose that A € Ty, ,. If X € M), ., we denote by X 4 the m x k submatrix X 4 (1,... x)
of X. Likewise, if F € St(n, m), we denote by F, the m x m submatrix F (1,.. m} of F. Note
that for any v € O(m), we have (Fv)4 = Fv. Hence the value of |det(F )| depends only on
(F) € Gp . Let St(n, m) 4 denote the set {F € St(n,m) | det(F4) # 0} and then let G, . 4
denote the set {(F) € G, | det(Fa) # 0}. Since the function F +— det(F,) is smooth on the
manifold St(n, m), the set St(n, m) 4 and its projection G, , 4 are open subsets of St(n,m)
and G, ,, respectively. It is clear that the sets St(n, m) 4, for all A € T, ,, form a finite open
cover of St(n, m). (Then, of course, the G, ,,, o Will likewise form a finite open cover of G, ;,.)
Let 4 = p~ ' (Gpm.a). Then 54 = (£[F, C] | det(F,) # 0.

We now make the following claim.
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(B). The vector bundle E (over Gy ) is a finite union of local trivial bundles Z; 5 (for j =
1,...,¢ A eTyy) with trivializing map

tj A :E[F,Cl ((F),(FC)4), &[F.Cle€ &) 4. (6.28)
(Here ((F), (FC)a) € Gy X My i)

Remark 6.12. When k = 1, so that = is the space of affine (n — m)-planes in R", this claim
corresponds to the following familiar result. For any (n — m)-plane £ in R”", let p(£) be the
parallel plane through the origin 0 € R” and let x(§) = (x1(§),...,x,(§)) be the point on &
closest to the origin. Then Z' is a finite union of local trivial bundles W, over G, ,, with the
trivializing map

wo &> (p&);xiy (§), ..., %, (&)
for some choice of m indices iy, ...,i, in{l,...,n}.

Let us now prove claim (B). First observe that G, ,, can be covered by open sets W; (j =
1, ..., %), each of which is the base of a local trivialization &Z; of & and each of which admits a
local cross-section into St(n, m). More precisely, there are finitely many open sets W; covering
Gp,m such that for each j there is a C*° cross-section o : W; — St(n, m) and for which the map

nj:W;x My, — &

(.C) > &[0j(5).C] (6.29)

is the (inverse of) a local trivializing map on &; = p‘l(Wj). (Such an open cover is always
possible on the base of an associated bundle.)

For each j and each A € T}, ,, letus put W; 4 = W; N G, ;4 and let £ 4 = p_l(Wj,A) =
Ej N E4. Then G, is covered by the open sets W; 4, some of which could, of course, be
empty. The map

i A WiaAX My —> WiaXMpg
& O (5.(0;(®) ,C) (6.30)

is a bundle isomorphism of trivial vector bundles: this is because (0 (§)) 4 is an invertible m x m
submatrix of the m-frame o (§) for each § € W; 4.

The map 7; 4 in (6.28) will then be just the composition, on & 4, of the two trivializations
given above:

—1
Tia=wja0oMjlz; ,) -

This finishes the proof of claim (B).
Next we make the following claim about the 5.

(O). Forany I € Ty p, =1 s open and dense in Z.
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To prove that &7 is dense in =, we first take any A € T), , such that I C A. The set {¥ €
My, | det(Y ) # O} is dense and open in M, ,,,, and from this it is not hard to see that the set
St(n, m) 4 is dense and open in St(n, m). Hence G, , 4 is dense and open in G, ;. Since the
projection p: =& — Gy, is an open map, this implies that p_l(G,,,m \Guma)=E\E4 18
nowhere dense in Z'.

On each trivialization & 4 (with A fixed as above), the fiber coordinates are given by
E[F,C]+— (FC) 4. From this it is clear that =N Ej A is dense and open in the trivial bun-
dle Ej 4. Now &4 = Uj Zj A, so we see from this that =N E, is dense and openin = 4. But

since 5, is dense and open in &, we conclude that £/ N 5, (and hence &) is dense in &.
Let us now proceed with the rest of the proof of Theorem 6.10. Suppose that £[F, C] € &’.

Let X =n[F,C]=FC.If V € M, x, we can use Eq. (2.4) to relate the directional derivatives
of @ and £ in the direction of V, as follows:

dv(V)®[F,C]= %(b[F, C—1'FV]| = %h(FC —tF'FV)

t=0 t=0
= ih(x —tV+1(V - F'FV))
dt t=0
=dAr(V)h(X) — dA(V(p)h(X). (6.31)

In the above we have put Vipy =V — F 'FV. Clearly, V(r) depends only on (F) € G, ;. More-
over, the maps (F) — V(r) and £[F, C] +— V(F) from G, ,, and Z, respectively, into M, , are
C®°. Note that the expression

V=V +FFV (6.32)

corresponds to the orthogonal decomposition M, y =&[F,0] @ &[F, 0]+.
From (6.31) we obtain

tr('(VA(X))V) = —dv(V) @[F, C] — dA(V(F))h(X)
=—dv(V)®[F,Cl+tu( (VA(X))Vr) (X=FCO). (6.33)

The first term on the right is obviously a smooth function on &, so by (6.27), all we need to do
to prove Theorem 6.10 is to show that the second term on the right above corresponds to a C*
function on Z'. That is, we will need to prove that there is a C* function ¥y on Z such that

(' (VR(FC))V(r)) = WyIF, C] (6.34)

forall [F,Cle E'.

We need to introduce some additional notation. First, let X be the n x n matrix (5.11) with
vector entries X;; € so(n), for 1 <i, j < n. Then, for each I € Ty ,, denote by X; the k x n
submatrix X (1,... ) of X. Next, let dv(X) @[F, C] denote the n x n matrix (dv(X;;) ®[F, C]).
Finally, let dv(X;) @[F, C] be the k x n submatrix (dv(X;;) @P[F, CDiecr1<j<n-

The maps &[F,C]+— dv(X) @[F,C] and £[F, C] — dv(X;) @[F, C] are, of course, C*
from & to M, , and My ,, respectively.
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Now suppose that E[F, C] € £/, and let X = FC. For any W € £[F, 0], we will show that the
following crucial matrix equation holds:

(dvX)@[F,Cl) W =X("(Vh(X))) W. (6.35)

To prove this, we first note that by (6.15), dA(X;;)h(X) =dv(X;;) [F, C] forall i, j. Thus
we have the matrix equation dv(X) @[F, C] = dA(X)h(X), where the right-hand side denotes
the n x n matrix (dA(X;;))h(X))1<i,j<n-

Hence from Eq. (6.2), the (i, j)-entry of the left-hand matrix in (6.35) equals

n k
dh(X dh(X
((dr(X)h(X)) W)ij:ZZ(x” ( )_xsl 3)(6-1)>ij

s=1 I=1 dxs1

k k

" ah(X Ah(X) —
- ZZX” 8)(6‘;1)ij B ; 3)(Cil) Zx”w”'

s=11=1 s=1

But ) {_, xgwsj =0 foreach j, [ since X W ='C'FW = 0 by the hypothesis W € §[F, 0]. Thus
the second expression above vanishes, and clearly the first expression is just the (i, j)-entry of
the n x k matrix X '(Vh(X)) W, proving (6.35).

In particular, it follows that (for X = FC € M,’L o)

X'(VR(X)) Vipy = (dv(X) @[F, C]) V(F). (6.36)
Now by (6.34), we just need to prove that the function §[F, C]+ "(VA(FC)) V(F), defined
and smooth on &', and with values in My, extends to a C* function on Z.
Let I € T ,. If we pick the rows of both sides of Eq. (6.36) belonging to I, we get the k x k
matrix equation

X1 (Vh(X)) Viry = (dv(Xp) @[F, C]) Vir) (6.37)

for all £[F,C] € £’, with X = FC. Hence if £[F,C] € E! (a dense open subset of Z by
claim (C)), we get

(VR(X)) Viry = (X))~ dv(X)) @LF, C1) Vir). (6.38)
And so, when I, J € Ty, and £[F,Cle E'n 57,
(XI)_I(dv(XI) @[F,C]) Vip) = xn~! (dv(Xy) ®[F, Cl) V(F). (6.39)
Let Cof(X) denote the cofactor matrix of X;. The above equation shows that

det(X ;)" (Cof(X ) (dv(X,) ®[F, C1)V(F)
= det(X ) '(Cof(X))(dv(X;) ®[F, C]) V(r) (6.40)

whenever £[F, C]e 8/ N 7. Butsince £/ N &7 is a dense open subset of =, (6.40) holds on
all of .
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Now according to claim (B), & = | J iA & 4. Consider one of the local trivial bundles Z'; 4.
If £ =&[F,C] liesin &; 4, and X = FC, we can use X 4 as the local fiber coordinates of &.
On & 4, let us choose, and fix, an I € Ty, such that / C A. Then pick any J € T , such that
J#1,J C A.(Since k < m, such a J clearly exists.) We now make the following claim.

(D). On the trivial bundle E; 4, the set AlNnEN E'j A Is dense in the variety Aln Ej A

To prove claim (D), we can assume that A = {1, ..., m}. The fiber coordinates X 4 on & 4
are, of course, given by elements of M,, ;. Let M,fl’k ={B € M, | det(By) # 0}, and let v de-
note the variety M,, i \ Mnl1. «- The claim then follows from the obvious fact that on the Euclidean
space My, i, the set vin M;fl,k is dense in V1.

Let us now complete the proof of Theorem 6.10. Consider the restriction of Eq. (6.40) to
the local trivialization & 4. (Recall that we are assuming that I, J C A, I # J.) Claim (D)
then shows that det(Xj) # 0 on a dense subset of the variety AN Eia=1{[F,Cle Ejal
det(X;) = 0}, and this implies that on Z; 4, we have

det(X;))=0 = (Cof(X)))(dv(X;) @[F,C]) V() =0. (6.41)

From this and the crucial Theorem 6.7, we conclude that the function

Gaiyy (CofXn) (@v(Xn) @LF,C1) Vi (6.42)

is an C* M y-valued function on Z; 4. Then, from Eq. (6.38), we see thaton Z; 4 N E1 (which
is open dense in & 4), (6.42) equals

"(Vh(X)) Viry (X=FC). (6.43)

Thus the matrix-valued function £[F, C] +— "(Vh(FC)) V(F), extends to a C* functionon Z; 4.
If I’ € Ty, also satisfies I’ C A, then Eq. (6.40) shows that (6.42) equals

det(X ;) H(Cof (X)) (dv(Xp) @LF, C1) Vi) (6.44)

on the open dense subset & 4 N & Inglof & 7,4 This shows that the smooth functions (6.42)

and (6.44) coincide on Z; 4. Let lII{Vj’A} denote this smooth function.

The locally defined smooth functions lII{Vj’A} given by (6.42) agree on the intersections Z; 4 N

& a. To see this, choose any I and J in Ty , such that I C A and J C A’. Then

D) "(Cof (X)) (dv(Xp) ®[F, C1) Vir)

= Gary (CofX D) [@v X)) @LF. C1) Vir) (6.45)

on the trivial bundle & 4 N &} 4. In fact, according to (6.39) they coincide on the open dense
subset (E/NENN(E;aNEj p)of EjaNEj p.
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We thus define the function ¥y : & — My by putting ¥y |z, , = III{Vj’A}; that is,
Wy[F,Cl=Xp~ (dvXp) ®[F.C]) Vir) (6.46)

for £[F, Cl € &} 4, where [ is any k-index in A. By (6.42) and (6.45), ¥y is a well-defined C*°
function on Z. Now define

wy[F,Cl=u(¥y[F,C]). (6.47)

Since this coincides with tr((VA(FC)) V(F)) on &', we now see that Eq. (6.34) holds, where ¥y
is a C* function on Z'. This finishes the proof of Theorem 6.10. O

Our next objective is to prove that the function 4, whose existence is asserted in Lemma 6.3,
belongs to the Schwartz space S(Mj, ;). From Theorem 6.10, we know that & is smooth. We
will be using parts of the proof of that theorem in order to prove the following result, which is
surprisingly nontrivial.

Lemma 6.13. Let h be the function given in Lemma 6.3. Then h € S(M,, ).

Proof. If £[F,C] € & and X = FC, we have @[F, C] = h(X) by Lemma 6.3. Since || X| =
IC|l and @ € S(&), it is clear that for any N € Z*, h satisfies the condition

sup [|X[IV[h(X)| < +o0. (6.48)
XeM,

Let V € M, . In order to prove the lemma, it is enough to show that the function @y, given
by (6.27), and explicitly by the right-hand side of (6.33), belongs to S(Z). The proof of
Lemma 6.10 already showed that @y is C®. If we can prove that @y € S(&), the relation
—dA(V)h(FC) = @y[F, C] shows that the directional derivative —d A (V)h satisfies an estimate
similar to (6.48). Then put hy = —dA(V)h. Since hy o m = @y, we can apply the same reason-
ing, replacing & by hy and @ by @y to arrive at similar estimates for the second order partials
of h. We can then use induction on successive partials of 4 to prove the lemma in general.

Clearly dv(V) @ € S(&). Thus to prove that @y € S(&), it suffices to prove that the func-
tion ¥y, given by Eqgs. (6.34) and (6.47), belongs to S(Z'). From the latter equation and (6.46),
the explicit expression of ¥y on each local trivialization & 4 is

(X7 ' dv(X) @IF, C1V(r)) =

det(X;) tr('Cof(X 1) (dv(Xp) @[F, C1) V(r)), (6:49)

for any I € Ty , such that I C A. Our goal is now to essentially estimate ¥y on each of the triv-
ializations &; . In order to use these estimates, we now present an alternative characterization
of S(&), which we give below.

First, we will express = as a finite union of local trivial bundles, each of which is contained
in an appropriate & 4.

Recall that the W; 4 (for j =1,...,¢ and A € T, ,) form a finite open cover of G ,. There
exists a refinement {WJ’A’ 4} of the open cover {W; 4}, with the same index set, such that the

closure of W' , is contained in W .
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For any m x m matrix A, we put ||A| = (tr((AA))!/2, the Euclidean (or Hilbert—Schmidt)
norm of A. The function F +— ||FX] || is continuous on St(n, m) 4, and in addition, the value

of ||FXI|| depends only on (F) € G, ;4. In fact, for any v € O(m), we have ||(Fv);l|| =
= F I =1F L

Hence the functions (F) ||FX1 || and (F) — |det F4| are continuous functions on G, 4.
Since the ij’ 4 have compact closure in Gy, i, 4, there is a number M > 0 sufficiently large such
that ||FX1|| < M and |det Fx| > 1/M for all (F) € W;’A and for all j, A

Let E}’A = p_l(W]/.’A) = {£[F,C] | (F) € W]’.’A}. Of course, we have & = Uj,A EJ/A
z iA is, of course, a sub bundle of the trivial bundle Z; 4, and according to claim (B) in the proof

of Theorem 6.10, = ] 4 is isomorphic to W’ A X Mk, with trivializing map 7; 4 :§[F, C] —

((F), (FC) ).
For any j, A, we now deﬁne the functions of rapid decrease on ’“J’ as follows. Let S ( o A)

be the set of all ¥ € C*°(&" ,) such that for any N € Z*, for any differential operator D on
G, m, and for any constant coefﬁ01ent differential operator E on M,, i, the following condition
holds

sup X alY|Ex, D) (¥ o r;;)((F), Xa)| < +o0. (6.50)
(F).XA)eE) ,

Here we have parametrized = ]’ 4 by the pairs ((F), X4) € W]’.’ A X My k. We now claim that
SE)={wvec>®E& )|u/|~/ €S(&] 4) forall j, A}. (6.51)

This is an alternative characterization of S(&'), and is in fact the one used for d-planes (i.e.,
when k = 1) in [4,21]. The proof of the equivalence (6.51), which involves a few tedious com-
putations, may be safely skipped for now and will be postponed for later.

Assuming (6.51), we see that in order to prove Lemma 6.13, we just need to show that the
restriction of ¥y to each &’ A which is given explicitly by the right-hand side of (6.49), belongs
to S(&’ i, ). In other Words we need to prove that ¥y satisfies the estimate (6.50) for each
trivialization & ’.’ A

We already know that @ € S(Z). Hence, by the definition (4.4) of S(&), each entry of the
matrix-valued function d v(X 1) D belongs to S(&). By the assumed equivalence (6.51), we con-
clude that the function on E°; , given by

det(X )Wy [F, C]=tr("Cof(X)(dv(X;) @[F, Cl) Vir)) (I C A) (6.52)

belongs to S(& ; 4)- Denote this function by ¥ ((F), X 4). (Strictly speaking, we should denote
itby ¥j o T;J‘((F ), X 4), but we will abuse notation here.) We need to prove that if we divide
this expression by det(X;), the resulting function ¥y (i.e., the right-hand side of (6.49)), which
we already know is a smooth function, still belongs to S(& ]’ A)-

So fix N € Z™*, let D be a differential operator on G,.m and E a constant coefficient differen-
tial operator on M,, ;. By (6.50), D(r)¥;((F), X 5) belongs to S(EJ’A’A). From this, we see that

the family of functions on M,, x given by {D¥; ((F), Xa) | (F) € WJ’.!A} forms a bounded set
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in the Schwartz space S(M,, «). For any / and J contained in A, I # J, (6.52) (or (6.40) in the
proof of Theorem 6.10) implies that

det(XI)lI/]((F),XA) :det(X])lIJI((F),XA). (6.53)
Applying the differential operator D(ry to both sides, we get
det(XI)D(F)lI/]((F), XA) = det(XJ)D(F)lIII((F), XA). (6.54)

Here we note that the differential operator D(ry and the multiplication operators det(X;) and
det(X ;) commute, since they act on different arguments. Now by claim (D) in the proof of
Theorem 6.10, applied to the trivial bundle = ]/ 4> we know that det(X ;) # 0 on a dense subset

of the variety A’ N &’ i a={((F),Xa) € &) 4 | det(X) = 0}. Hence
det(X))=0 = Dm¥((F),X4)=0 (6.55)

on =
] A
Next we invoke a result of Langenbruch [9, Theorem 1.6], which we state in the following
way.

Theorem 6.14. Suppose that p(xy,...,x,) is a polynomial in R" with real coefficients, irre-
ducible over R, and having the property of zeros in R". Let S, (R") be the (closed) subspace of
the Schwartz space S(R") consisting of all functions which vanish on the zero set V(p) of p. Let
L, denote multiplication by 1/ p. Then L, is a continuous map of S, into S.

In fact Langenbruch’s result says that L, extends to a continuous map of S into S. Note that
one consequence of Langenbruch’s theorem is that if f € C°>°(R") such that pf € S, then f € S.

Going back to the proof of Lemma 6.13, we know that the family of functions on M,, ; given
by (DR ((F), Xa) | (F) € WJ’.,A} forms a bounded set in the Schwartz space S(M,, k), and
by (6.55) all the functions in this family vanish on the zero set {X 4 € M,, x | det(X;) = 0}.
But det(X;) is C-irreducible and, by Theorem 6.7, satisfies the property of zeros. Hence by
Theorem 6.14, the family of functions

—1 !
{ Jeic Do ¥ (P, Xa) ‘ (Fye W), A} (6.56)

forms a bounded set in S(M,, r). But by (6.49), we have ¥; = det(X1)¥y, so we see that the
family (6.56) is the same as the family of functions

{DyWv((F), Xa) | (F) e W; 4}.
Applying the usual seminorms defining S(My x), it follows that

sup ||XA||N‘EXAD(F)11’V((F),XA)’ < +o00.
(F).X1)eE)

Since D, N, and E above are arbitrary, this shows that the restriction lI/V|~r belongs to
S("’/ 4)- This is true for all & ..41 4» 80 by the equivalence (6.51), it follows that lIIV e S(&).
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To finish the proof of Lemma 6.13, it remains to prove (6.51). Note first thatif E[ F, C] € E]/ A

the norms ||C|| and || X || = || FoC|| are bounded with respect to each other:
IXall SNFANICH < V/m|Cll, (6.57)
ICh < [ F)™ IX Al < MIX 4]l (6.58)

As a first step towards proving the equivalence (6.51), we will show that for any C*° function
¥ on & A, the derivatives dv(U) ¥, for U € U(g), can be expressed as a finite sum

(dvW) W) ot 4 ((F), X4) =Y pa(X2)(Ee)x, (Do) (5 (¥ 0 75 4)((F), X4), (6.59)

where p,(X 4) is a polynomial, E, is a constant coefficient differential operator on M,, x, and
D, is a C* differential operator on G, . 4.
Suppose then that ¥ € C*° (&) such that the restriction of ¥ to each & J’ 4 belongs to S(& ; A)-
Then the conversion equation (6.59), together with the bound (6.58), proves that ¥ € S(&).
Next, using (2.4), we will show that if ¥ is any C* function on Z; 4, the derivatives
DpyEx,(Wort; /11), for any differential operator D on & 4, can be expressed as a finite sum in
terms of the action of the universal enveloping algebra U (g) as follows:

(Dir Ex, (¥ o fjj;)) otj lF,Cl= Zhﬂ[F, Cldv(Ug)W[F,C]. (6.60)
8

Here Ug € U(g), and each hg is a C* function on & 4, whose restriction to each fiber p_1 ((F))
is a polynomial of fixed degree k on the fiber.

Suppose now that ¥ € S(Z). We apply the conversion equation (6.60) to the restriction of ¥
on Z; 4. Now W]’.’ 4 has compact closure in W; 4, so in view of the estimate (6.57), it follows
there exists a constant R such that |hg[F, C]| < R(1 + |CIHF for all £[F,C] e E//A This es-
timate on & and another application of (6.57) then shows that the restriction W|E},A belongs to
S (E; -

Thus we need only verify the conversion equations (6.59) and (6.60). They can be derived
by straightforward, if somewhat tedious, calculations using (2.4). First, let us derive (6.59). To
do this, we just need derive it for U € g. If we then express any U € U(g) as an algebraic
combination of elements of g, (6.59) will follow by iteration.

Let U = E € M, . By (2.4), the left-hand side of (6.59) becomes

(dv(E)¥) o I;A((F), Xa)=dv(E)W[F,(Fo) "X 4]

= %U/[F, (FA)"'X4 —t'FE]

t=0

d
= E(lp ° f;;)((p), XA —tF4'FE)

t=0
=—{FA'FE}y (¥ ot; 1) ((F),Xa). (6.61)
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Here —{F'FE} is viewed as a vector field acting on the second argument X 4. Now —F, 'FE
is a linear combination of the form Zﬂ cg((F))Eg, where Eg € My, 1, and cg € C*®°(Gpm, 4)-

(6.61) thus equals Zﬁ cg((F)Eg(W o r;A)((F), X 4), which is clearly of the form of the right-
hand side of (6.59).
Next let U = X € so(n). Then
(dv(X)¥)o f;; ((F), X4)

=dv(X)W[F, F;'X4]

d
= (¥[exp(—10OF, Fy'X4))

t=0

d
= (¥o 7 1) (exp(=1X) - (F), (exp(—tX)F) , F ;' X 4)

=0

d
= (W ot ) (exp(—1X) - (F), X4)

t=0

d
+ (o T L) ((F). (exp(~1X)F) ,F;' X 4)

dt

t=0

The first term on the right above is obviously of the form D) (¥ o rj_)}‘)((F ), X4) where D
is a (first order) differential operator acting on the first argument. (It is the vector field induced
by X on G, ,,.) The second term corresponds to a vector field acting on the second argument
of Wor ;/lx, with coefficients depending smoothly on (F) and linearly on X 4. We write it as
{(—(XF)x FXIXA}XA (Wo ‘L';A)((F), X 4). As in (6.61) the quantity in braces is understood to
be a directional derivative in X 4 at each ((F), X 4). The second term is clearly seen to be also in
the form of the right-hand side of (6.59).
Finally, let Y € so(k). Then

(dv(¥) W) ot A ((F). Xa) = dv(V) W[F, F;'X 4]

d
= (¢[F, F'X sexp(tY)])

t=0

d
T dr (¥o Tj_,/lx)((F), X pexp(tY))

={XaY}x, (¥ ot 4)((F), X4),

t=0

in the notation above, where the last quantity in braces again denotes a directional derivative
acting on the second argument. It is clearly a vector field in X 4 with coefficients depending
linearly in X 4, and is thus also of the form of the right-hand side of (6.59).

To derive Eq. (6.60), it is sufficient to consider the operators Dry and Ex , separately, and,
in fact, to assume that these are C*° vector fields on G, », o and M,, x. The reason is that we
can apply induction on the order of the operator D(r)Ex ,, keeping in mind that from (6.59), if
hglF, C]is a polynomial in C, then so is dv(U) hg[F, C], for any U € U(g).
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Solet ¥ € C*(&j 4).Fixavector V€ My, ; andput Ex, = V.Forany §[F,C] € &j 4, we
have

i(Wot;}‘)((F),FAC—i—tV) :ilI/[F,FXI(FAC—HV)]
dt ' =g dt

t=0

= %W[F,C—H’F(FF;IV)]

(6.62)
t=0

Clearly F FXI V is a finite linear combination 2,3 cg((F))Eg of vectors in M, i, where the
coefficients cg((F)) are smooth functions of (F) € G, m, 4. Thus by (2.4), the right-hand side of
(6.62) equals

= cp((F))dv(Eg) WIF, Cl.
s

This is in the form of the right-hand side of (6.60).

Next we verify (6.60) for E =1 and for D) a vector field on G 4, 4. Such vector fields
are smooth linear combinations of the vector fields induced by the infinitesimal O(n)-action on
G,.m- Thus it suffices to calculate

d
(o 7 1) (exp(tX) - (F), FaC)

t=0

for X € so(n) and £[F, C] € &; 4. The above equals

d _
Elll[exp(tX) - F, (exp(tX) . F)AIFAC]

=0

= %J/[exp(tX) - F, C] (6.63)

d

d .
+ - W[F. (exp(iX) - F), FaC]
0

= =0

The first term on the right in (6.63) is just —dv(X) @[F, C]. To find an expression for the sec-
ond term, we can assume with loss of generality that X = X;;. If neither i nor j is in A, then
(exp(tX;j) - F)a = Fa, so the second term on the right in (6.63) vanishes. For the other cases,
let us rewrite the second term of (6.63) as

%J/[F,C+’FF{(exp(tX,-j) .F),'FaC —C}] (6.64)
t=0
If both i and j are in A, then (6.64) equals
%W[F, C+'FF{F exp(~t(X;j)a)FaC - C}]| (6.65)
t=0

where (X;j)a denotes the m x m submatrix of X;; whose rows and columns belong to A.
The curve on M, i given by t — H(¢,[F,C]) = F{F;1 exp(—1(X;j)a)FaC — C} has deriv-
ative at + = 0 given by —F FXI(X ij)aFAC. This is a finite linear combination of the form
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-y B hglF,ClVg, where Vg € M), \ and the coefficients hg[F, C] are smooth functions on the
trivialization Z; 4 which depend linearly on C. (6.64) thus equals

> hglF, Cldv(Vg) ¥[F.C],
B

which is of the form of the right-hand side of (6.60). Finally, let us consider the case when exactly
one of the two indices i, j belongs to A. We can assume thati € A, j ¢ A; the proof for the case
i¢ A, je Aissimilar. In this case, the m x m matrix (exp(—tX,-j)F)j‘1 can be written as

(costdet Fp — sint det(F(A\{,‘})U{j}))fl 'Cof(exp(—1X;j)F) ,.
Hence, by the quotient rule, the curve on M, i given by
—1
1+ La(t,[F,Cl) := F{(exp(—tX;))F) , FAC —C}

has derivative at = 0 given by an expression of the form

where A4[F, C] is an M, ;-valued smooth function on & 4 which is in fact a polynomial ex-
pression in the matrix entries of F and is linear in C. (6.66) can be written as a finite sum

1
Qer 2 & FCIEy.
4

The second term of (6.63) thus equals

1
ERYAY > gylF.Cldv(Ey) W[F,Cl. (6.67)
Y

Again this is of the form of the right-hand side of (6.60). (Note that the (det F' '4)2 in the denom-
inator is not a problem in the estimation of the right-hand side, since |det F4| > 1/M on WJ’.’ A7)
We have thus proved (6.60); this finishes the proof of Lemma 6.13. O

We are now in a position to complete the proof of the main result of this paper, Theorem 6.2.
From here, the proof is more or less canonical.

Proof of Theorem 6.2. We started with a function ¢ € S(&) satisfying the Pfaffian system
dv(Vi)e =0, for all I € Ty42,,. We then took the partial Fourier transform @ = F¢, and, by
Lemma 6.3, concluded that there exists a function # on M, i such that h(FC) = ®@[F, C], for
all [ F,C] € E. By Theorem 6.10 and Lemma 6.13, we proved that 2 € S(M,, ;). Let us denote
the inverse Fourier transform of & in My ¢ by f. (Thus f € S(My k) and f: h.) Then for any
E[F,C] € B, we have Fo[F,C]=h(FC) = f(FC)=F(Rf)[F, C], with the last equality
coming from the Fourier slice theorem (3.6). Since the partial Fourier transform F is injective
(in fact, bijective) on S(Z'), we now conclude that Rf = ¢. This completes the proof of Theo-
rem 6.2. O
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7. A weak Nullstellensatz for polynomials on R”

In this section we supply the proof of Theorem 6.7. The local holomorphic version (and, of
course, the algebraic version) of this theorem in C” is well known, and is a consequence of the
Weierstrass Division Theorem (see [6, p. 11]).

If we take the dualized Fourier transform version of Langenbruch’s theorem (Theorem 6.14
and the following remarks), we obtain the following useful result on global solvability of partial
differential operators, which also appears in Theorem 1.6 of Langenbruch’s paper [9]. Suppose
that p is a polynomial on R”, with real coefficients, R-irreducible, and having the property of
zeros. Then the corresponding partial differential operator p(—id/dxy, ..., —id/dx,) admits a
continuous right inverse in the space S'(R") of tempered distributions in R”.

Now to prove Theorem 6.7, we will need to introduce some additional terminology. As in
Section 6, we first assume that O is an open subset of R” and that p is a real-valued C* function
on O. Recall that a point x € O is a critical point of p if V p(x) = 0. The set of critical points in
V(p) is then S(p) = V(p) \ R(p).

If x € R(p), then p acts as a coordinate in an appropriate chart about x, so that on that chart,
p has the property of zeros. Thus the problem of divisibility by p arises in the vicinity of the
points x € S(p).

Now let a € O. We denote the germ of a C* function f defined on a neighborhood of a
by f,. Likewise, the germ of a subset N C R”" at the point a will be denoted by N,. Next let J,
denote the ring of germs of real-valued analytic functions at a. Finally, we put

Zo(p)=1{¥ €Ta | ¥ 1(0) C S(p)a}- (7.1)

Thus X, (p) essentially consists of those analytic functions defined near a whose zero sets in
appropriately small neighborhoods of a lie in S(p).

Assume now that p is analytic and real-valued on O. In [1, Théoréme 1 and Corollaire 1],
Bochnak provides a necessary and sufficient condition for p to have the property of zeros. Below,
we summarize his results in the form relevant to us.

Theorem 7.1. (Bochnak [1]) Suppose that p is a real-valued analytic function defined on O.
Then p has the property of zeros if and only if the following two conditions are satisfied:

(1) R(p) is dense in V(p).
(2) Suppose that a € S(p), ¢ € I, and ¥ € Xy(p). If p, divides ¥ in T, then p, divides ¢
inJg.

Interestingly, this theorem says that if p is an analytic function, the question of C* divisibility
by p essentially reduces to a question of analytic divisibility by p at its singular points. (See [10].)

We now proceed with the proof of Theorem 6.7. Let us assume, then, that p is a polynomial
with real coefficients, irreducible over C, and that R(p) is dense in V(p). In order to show that
p has the property of zeros, we just need to verify that p satisfies condition (2) in the above
theorem.

Let a € S(p). For convenience, we will identify germs of analytic functions at a with func-
tions defined on appropriately small neighborhoods of a, shrinking their domains of definition
whenever necessary.



266 E.B. Gonzalez, T. Kakehi / Journal of Functional Analysis 241 (2006) 232-267

Assume then that ¥ € X,(p), ¢ € J,, and that p, divides ¥ ¢ in J,. From the preceding
remark, we can thus assume that ¢ and  are defined, and given by Taylor series expansions on a
small ball B = B, (a) of radius r about the center a; that the zero set {x € B, (a) | ¥ (x) =0} lies
in S(p); and that p divides ¥ ¢ in the ring of analytic functions on B. Shrinking r if necessary,
we can extend p, ¥, and ¢ to be holomorphic functions on the complex ball B¢ = By (a) C C".
Let V°(p) be the holomorphic variety corresponding to p in B®: V¢(p) = {z € B¢ | p(z) =0},
and let R(p) be the set of regular points in V¢(p): R(p) = {z € V°(p) | Vp(z) # 0}. Since
p is irreducible, we can shrink r further so that V°(p) is an irreducible holomorphic variety
[6, p. 12], and therefore R€(p) is connected [6, p. 21]. Moreover, again since p is irreducible,
RC(p) is dense in V°(p).

Now from the hypothesis on ¢ and ¢, we see that ¢ vanishes on the (n — 1)-dimensional real
analytic submanifold R(p) N B of B. But R(p) N B is a real space of the complex submanifold
R°(p) of BC. Thatis to say, for each x € R(p)N B, the inclusion R(p)N B C R(p) appears near
x as the inclusion R"~! ¢ C"~!. (This can most easily be seen from the proof of the holomorphic
implicit function theorem.) Since ¢ is holomorphic on B¢ (and hence in R¢(p)), and vanishes
on the real space R(p) N B, and since R¢(p) is connected, we see that ¢ vanishes identically
on R¢(p). By density, ¢ therefore vanishes on V¢(p). But p is irreducible over C, so by the
local weak Nullstellensatz for holomorphic functions [6, Corollary, p. 11], we conclude that
¢ (z)/ p(z) is a holomorphic function on B€. It follows by restriction that ¢ (x)/p(x) is a (real-
valued) analytic function on B. This shows that condition (2) in Theorem 7.1 holds, and therefore
p has the property of zeros. This finishes the proof of Theorem 6.7.
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