
JOURNAL OF FUNCTIONAL ANALYSIS 49, 186-197 (1982) 

The Weyl Bundle 

R.J. PLYMEN 

Mathematics Department, The University, Manchester Ml3 9PL, England 

Communicated by A. Connes 

Received April 29, 1982 

Let F be a symplectic vector bundle over a space X. We construct a bundle of 
elementary C*-algebras over X, and prove that the Dixmier-Douady invariant of 
this bundle is zero. The underlying Hilbert bundles, with their associated module 
structures, determine a characteristic class: we prove that this class is the second 
Stiefel-Whitney class of F. 

INTRODUCTION 

A symplectic vector bundle over a paracompact space X is a pair (F, w), 
where (i) F is a real vector bundle over X with even libre-dimension and (ii) 
o is a continuous cross section of the exterior square F A F such that w, is 
non-degenerate at each point x in X. With these data, we construct a bundle 
of elementary C*-algebras over X. We call this the Weyl bundle W(F, w): 
the fibre at x is the L, - C*-algebra k of compact operators. Let 6 ‘be the 
Dixmier-Douady invariant of W(F, w), which is a cohomology class in 
H3(X, Z). We first prove 

THEOREM 1. 6=0. 

According to Theorem 1, there exists an underlying Hilbert bundle S such 
that W(F, w) is the associated bundle of elementary C*-algebras. In this case 
S is an irreducible W(F, w)-module. Let S* denote the dual module. Then 
L(S), the bundle of W(F, o)-equivariant maps from S to S*, is a complex 
Hermitian line bundle. Let K denote the mod 2 reduction of the first Chern 
class of L(S); it is shown in [4] that K is a characteristic class in 
H’(X; Z/2). Let wZ(F) be the second Stiefel-Whitney class of F. We prove 

THEOREM 2. K= w2(F) 

The bundle S is called a bundle of symplectic spinors. Our construction is 
a variant of Kostant’s construction [ 51. It follows immediately from 
Theorem 1 that a bundle of symplectic spinors always exists, 
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The Weyl bundle is an exact analogue, for symplectic vector bundles, of 
the complex Clifford bundle for Euclidean vector bundles E of even tibre- 
dimension. For the Clifford bundle we have, as shown in [4], 

0) 6 = P(w~(E)), 
(ii) K = w?(E) (when 6 = 0), 

where /? is the Bockstein determined by the exact coefficient sequence 

1. THE OSCILLATOR REPRESENTATION AND THE WEYL BUNDLE 

We begin by following closely the exposition of Bore1 and Wallach 
[ 1, p. 2281. We look upon I?*” as the space of all columns 

and define 

l3 w KJ) = (X,Y’> - (J4 x’), 
where (x, y) = C xi yi for x = (x, ,..., x,), y = (y, ,..., y,). 

The Heisenberg group of dimension 2n + 1 is the group with underlying 
space R2” x R and multiplication given by 

(2, t) * (w, s) = (z + w, t + s + $(z, w)). 

We denote this Lie group by H,. 
The Stone-von Neumann theorem says that H, has (up to dilation and 

duality) one infinite-dimensional, irreducible, unitary representation 
(TC, L*(lF!“)) with 

(71 ([~],t)S)(z)=exp(i(t+(x,z-t?l)))f(Zf?.) 

forfEL*(R”), x,yE I?“, tE R. 
Let the unitary group U(L2(R”)) of L*(R”) be given the strong operator 

topology. The map 

R2” + U(L’(R”)), (1.1) 

given by x ++ rr(x, 0), is a homeomorphism of I?*” onto its image. 
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Let 

G = { g E U(L’(R”)): g7c(z, t)g-’ = 7c(z’, t), (z E R2”, t E P)}. 

In this definition, z’ clearly depends on z and g. Now (1.1) implies that 
Z’ = v(g) z with v(g): R 2n + Ip ‘” a homeomorphism. 

Let Sp(n, R) denote the symplectic group. That is, 

Sp(n, R) = ( g E GL(2n, IH): p( g . v,g . w) = /3(v, w), for L’, w E iii?’ }. 

v(g) E SP(% R) for g E G. (1.2) 

PROPOSITION 1.3. Let T = (z E 6: IzI = 1 }. Then the sequence 

l+T+GsSp(n,R)+ 1 

is exact where T+ G is the map z H zI. 

1.4. G is a Lie group. 

1.5. The metaplectic group is the commutator group, Mp(n, R), of G. 

1.6. Set j = v 1 Mp(n, W). Then 

j: Mp(n, R)+ SP(~, ml 

is a double covering. 
We look upon (Mp(n, R), j) as an abstract covering group of Sp(n, R). 

The realization Mp(n, R) c U(L’(lT?“)) will be denoted (u, L’(R”)). It is 
called the oscillator (sometimes Shale-Weil, harmonic) representation of 
Mp(n, ml. 

Let PU(H) be the projective unitary group U(H)/U(l) with the quotient 
topology. The map ,u: G + U(H) induces a projective unitary representation 
Sp(n, W) + PU(H). This determines a commutative diagram of topological 
groups, with exact rows: 

l+T--+ G - Sp(n, R) - 1 

II 1 1 
1 - T+ U(H) - W(H) --f 1 

Notation. T= (z E 6: /zI = l), the circle group. 
Set Z(X) = n(x, 0). Define 

(1.7) 
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where dx is Lebesgue measure on I?“‘. Then 

g7r(f)g-1 =g. (‘f(x)7r(x)dx. g-1 

= (‘f(x)gn(x)g-’ dx 

= 1 f(x) n(d g> xl dx 

= I ‘f(Q-’ Y) +> 4, Y = v(g)x1 

since v(g) E Sp(n, R) and det u = 1 for all o E Sp(n, R). If we define 

(0 *f)(Y) =fb - ‘Yh j-E L’, y E IR2”, u E Sp(n, iR), 

then we have shown that 

Mf) g - ’ = 74V( hf)~ g E G. (1.8) 

Following Kastler [6, p. 171, we define the L, - C*-algebra of (lR2”, p) to 
be the C*-algebra generated by the operators 

{lz(f):fE L’(FP)}. 

The L, - C*-algebra of (R2”,/?) is denoted L,(R’“). Then Sp(n, R) acts as 
automorphisms of L, (IR “‘). 

Notation. We shall write 

(i) H = L’(R”), 

(ii) k = C*-algebra of compact operators on L2(lR”). 

Now the L, - C*-algebra L,(lR’“) is a separable, infinite-dimensional C*- 
algebra of operators on L’(R”) which has a unique irreducible representation 
(up to unitary equivalence): consequently, as in Kastler 16, Theorem 191, we 
have 

LI(IRz”) = k. 

It follows that the automorphism group of L,(R’“) is isomorphic to the 
projective unitary group of H: 

W(H) % Aut L,o. 



190 R. J. PLYMEN 

This isomorphism is induced by the map u tt Ad U, with u in the unitary 
group U(H). 

DEFINITION. Let (F, w) be a symplectic vector bundle over X, and let P 
be the principal bundle of symplectic frames. The Weyl bundle is the 
associated bundle 

The Weyl bundle is a bundle of elementary C*-algebras, i.e., each fibre is 
isomorphic to the C*-algebra k. More precisely, a choice of symplectic 
frame in (F,, 0,) determines a definite isomorphism 

and a definite isomorphism 

Here, W,(F, w) is the tibre at x of the Weyl bundle. 
The operator 

Nf) = (‘J‘(x) 4x> dx 

is exactly the Fourier-Weyl transform of the L’-functionf: This is because 

where Qj and P. are the standard operators in quantum mechanics. Thus the 
C*-algebra m is generated by the Fourier-Weyl transforms of 
functions in Ll(Rz”). The Fourier-Weyl transform made its appearance in 
Weyl’s classic article [8, p. 271. This would seem to justify our terminology 
“Weyl bundle.” 

Now bundles of elementary C*-algebras over X are classified, up to 
isomorphism, by the integral cohomology classes in H3(X, Z). These classes 
are the Dixmier-Douady invariants. The Dixmier-Douady invariant of the 
bundle A is denoted 6(A). We shall prove, by considering the oscillator 
representation, that the Dixmier-Douady invariant of the Weyl bundle is 
zero. The Dixmier-Douady invariant made its appearance in [ 21. 
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2. PROOF OF THEOREM 1 

The commutative diagram (1.7) of topological groups determines, 
according to Frenkel [3, p. 1621, a commutative diagram of pointed sets in 
Tech cohomology: 

H’(/Y; T) - H’(X; G) - H’(X; Sp(n, I?)) 3 H*(X; 7’) ?? H3(X; z) 

I/ I I 
4 

I/ II 
H’(*Y; 7,) - H’(X; U(H)) - H’(X; PU(H)) x H2(X; q E H3(X; q 

(2.1) 

Consider x E H’(X, Sp(n, R)). We have 

PI(X) = P*(e))* 

If x is a 1-cocycle which represents (F, o), then, by (1.8), 4(x) is a l- 
cocycle which represents W(F, w). But @I2 = 6, the Dixmier-Douady map, 
and so 

ap1 (x) = 0 0 S(#(x)) = 0. 

That is, the Dixmier-Douady invariant of the Weyl bundle vanishes if and 
only if the principal Sp(n, R))-bundle P determined by (F, w) lifts to a prin- 
cipal G-bundle. Now the unitary group U(n) is a maximal compact subgroup 
of Sp(n, R). We reduce the structure group of P from Sp(n, W) to U(n). Then 
P lifts if the inclusion U(n) + Sp(n, R) lifts to a continuous homomorphism 
1: 

rG 
‘/ / / 

u(n) ’ 
I 

- Sph R) 

We proceed to prove this, and to write down I explicitly. 
The inclusion U(n) -+ Sp(n, R) is given by 

A+iBw (t -2). 

Let MU(n), the meta-unitary group, be the pre-image of U(n) under the 
covering map Mp(n, R) -+ Sp(n, R). We have a short exact sequence 

1 + {e, , e, } + MU(n) + U(n) + 1, 

5X0/49/2-4 
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where (e,, e, } is the kernel of the covering map MU(n) + U(n) and e, is the 
identity element of MU(n). There is a natural map 

n,(Q)) + h, e, I z G 

induced by 

a+f?(l), 

where 6 is the unique lift to MU(n) of the loop u: [O, I] + U(n). Set y(t) = 
det(o(t)) for 0 < t < 1. There is a natural map 

induced by 

where 7 is the unique lift to Spin(Z) E U(1) of the loop y in SO(2) z U(1). 
Now the induced map det,: z,(U(n)) + rci(U( 1)) is an isomorphism. 
Therefore 

8(l)=e,of(l)=+l, 

f?(l) = e, 0 f(l) = -1. (2.2) 

Now let y E U(n) and let r be a path in U(n) such that r(0) = Z and 
r( 1) = y. Let s(t) = det(r(t)) for 0 ,< t < 1. Let f be the unique lift of t to 
MU(n), and let $ be the unique lift of 6 to Spin(2) E U( 1). Consider another 
path r’ such that r’(0) = Z and 7’( 1) = y. Then r and r’ differ by a loop in 
U(n). It follows immediately from (2.2) that 

(ql), J(1)) = (T’(l), 6(l)> 

or 

(F(l), 6(l)) = (e,?(l), -P(l)). (2.3) 

The argument in Weil (7, p. 196 ] shows that 

G 2 (Mph R) x U(l))/&, 

where the non-trivial element E in L, acts on x E Mp(n, R) as e . x = e, x, 
and on z E U(1) as E . z = -z. Let [x, z] be the Z,-coset of (x, z). It follows 
from (2.3) that 

If(l), 8111 E MP(~> R) x U(l))/& 
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is independent of the path r. Accordingly, we define 

0) = lz’l), ml~ Y E U(n)- (2.4) 

Then 1 is a homomorphism because U(n) is connected and l(xy) = f(x) l(y) 
for x and y close enough to I. 

Let u(n), sp(n, R), mp(n, R) be the Lie algebras of U(n), Sp(n, R), 
Mp(n, R) so that dj: mp(n, R) E sp(n, R). Let the exponential maps be 
denoted by 

exp: sp(n, R) + BP@, R), 

Exp: mp(n, R) -, MP(~, R), 

and let e(x) = eiX for x E R. Let y E U(n). There exists u E u(n) such that 
exp(v) = y. Then 

t(t) = exp tv, o<t< 1, 

is a path such that r(0) = I and r( 1) = y. Then the map I is given explicitly, 
according to (2.4), as 

f(exp V) = [ Exp U, e(Tr o/2)], u E u(n). (2.5) 

There is a short exact sequence 

l+Mp(n,R)+G+T+l, (2.6) 

where Mp(n, R) + G sends x to [x, l] and G + T sends [x, z] to z*. When 
the trace of v is 0, so that exp v E SU(n), we therefore have 

l(exp v> E Mph, RI 

by (2.5) and (2.6). The lifting 

MP(~, R) 

/^ I 
W(n) - SPk R) 

is denoted I$ in Bore1 and Wallach [ 1, p. 2401. 
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3. PROOF OF THEOREMS 

The Weyl bundle has Dixmier-Douady invariant 0: consequently there 
exists an underlying Hilbert bundle S. This bundle may be called, following 
Kostant [5], a bundle of symplectic spinors. 

Let G = Mp(n, R) XH2 U(1). The notation G = Mp’(n, R) commends 
itself, by analogy with the notation Spin’(n) = Spin(n) xz, U( 1). 

DEFINITION. An Mpc-structure on a symplectic bundle (F, w) is a pair 
(v, P>, where 

(i) q is a principal MpC(n, R)-bundle over X; and 

(ii) /I is a definite isomorphism v ~~~~~~~~~ R2” z F. 

DEFINITION. A Hilbert bundle S over X is an irreducible Weyl module if 
there is a definite isomorphism 8: W(F, w) E LC(S). 

Here, LC(S) is the bundle of elementary C*-algebras determined by S: the 
tibre at x is LC(S,), the C*-algebra of compact operators on S,. The Weyl 
module structure on S is given by the bilinear map W(F, o) X S -+ S sending 
24, s to e(u) s. 

Exactly as in [4j, there is a canonical bijection of the set of Mp”- 
structures on (F, w) with the set of irreducible W(F, w)-modules. This 
bijection is as follows. 

An Mpc-structure (~/3) on (F, o) determines a U-structure on W(F, w) 
according to the pull-back square in the category of topological groups: 

Mp'(n, RI---+ U(H) 

I ! 

SP(% R) - PU(H) 

The U-structure is a principal U(H)-bundle < and a definite isomorphism 
a: < x,(,, LC(H) ZT W(F, w). Define 

I!?: X(S) = < “&) E(H) & W(F, 0). 

Then S is an irreducible Weyl module. 
The bundle of symplectic spinors always exists and, as a Hilbert bundle, is 

necessarily trivial. However, S may admit several irreducible-Weyl-module 
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structures. As in [4], the group H*(X, Z) acts simply-transitively on the set 
of irreducible Weyl modules S. The right action of H2(X, Z) is 

S*x=S@L(x), 

where L(x) is the complex Hermitian line bundle whose first Chern class is 
X. 

A symplectic vector bundle (F, w) determines a cohomology class 
c = c(F, w) E H’(X; Z). 

Following Kostant [S, p. 1451 one may define c as follows. The bundle P 
of symplectic frames is a principal Sp(n, R)-bundle. Now the unitary group 
U(n) is a maximal compact subgroup of Sp(n, R). We reduce the structure 
group from Sp(n, R) to U(n), thus obtaining a principie U(n)-bundle. The 
class c is the first Chern class of this principal U(n)-bundle. Equivalently, c 
is the integral class of the corresponding determinant bundle N, which is a 
complex Hermitian line bundle. 

Now G admits a unique unitary character 4: G--t U( 1) such that 
&zZ) = .z2 for all z in U(1). We call 4 the Weil character [7, p. 1961. Its 
kernel is Mp(n, R) and d is given by 

1x3 z] -+ z2, xEMp(n,R), ZE U(1). 

It now follows from the lifting formula (2.5) that the following diagram is 
commutative: 

(3.1) 

u(n) - Sp(n, R) 

Now P lifts to a principal G-bundle p. The Weil character then determines 
an associated complex Hermitian line bundle 1. The square (3.1) proves that 

A = N. (3.2) 

The exact coefficient sequence O+ L + L + L/2 -+ 0 determines a 
homomorphism 

p: H*(X; Z) + H2(X; B/2) 

which is mod 2 reduction. 



196 R.J. PLYMEN 

Let K be the characteristic class of the Weyl bundle as in 141. Thus 
K = p(c,@)), where 

and S* is the dual of S. 
A reduction of structure group from Sp(n, R) to u(n) determines a 

complex Hermitian vector bundle (E, b). Upon restriction of scalars, E 
becomes F; and the imaginary part of the inner product b is w. Then 

K = P@, @>> 

= P(Cl@)) 

= P(C,(W) 

= P@, (El) 

= w,(F) 

by definition 

as in [4] 

by (3.2) 

since the mod 2 reduction of the first Chern class of a complex vector bundle 
is the second Stiefel-Whitney class of the underlying real vector bundle: 
whence Theorem 2. 

Let ‘u be the C*-algebra of sections of W(F, w) which vanish at infinity. 
By Theorem 1, and the fact that the Hilbert bundle S is necessarily trivial, 
we have that ‘u is Morita equivalent to C,(X); so the K-theory of 2l is the 
same as that of X: K,(‘U) z K*(X). 

EXAMPLE. Let y: be the canonical line bundle (Hopf bundle) over 
complex projective space CP”. Let (F, w) be the associated symplectic 
bundle, so that F is a real 2-plane bundle. We have H’(CP”; Z) = L so there 
are &, irreducible Weyl modules. The coefftcient homomorphism 
p: H2(CP”; Z) --) H2(CP”; Z/2) sends c,(yi) to the generator of H’(CP”; 
Z/2) = Z/2. But pc,(yA) = w2(F). By Theorem 2, K(W(F, w)) is the generator 
of P(CP”; H/2). 
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