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Abstract

Let G(p,n) and G(g,n) be the affine Grassmann manifolds of p- and g-planes in R”,
respectively, and let R (P9 be the Radon transform from smooth functions on G(p,n) to
smooth functions on G(q,n) arising from the inclusion incidence relation. When p <g and
dim G(p, n) = dim G(p, n), we present a range characterization theorem for R (P-4 via mo-
ment conditions. We then use this range result to prove a support theorem for R (P-4 This
complements a previous range characterization theorem for R (P79) via differential equations
when dim G(p, n) <dim G(p, n). We also present a support theorem in this latter case.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we present a range characterization of Radon transforms on affine
Grassmann manifolds via moment conditions. Our objective is to generalize the moment
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conditions for the classical Radon transform on R” to affine Grassmannians; our results
complement a previously obtained range characterization for these transforms using
invariant differential equations.

Specifically, we consider the transform R ?*¢) from smooth functions on the space
G(p,n) of p-planes in R" to smooth functions on the space G(q, n) of g-planes in R"
arising from the inclusion incidence relation. Throughout this paper, we assume that
p < q. A p-plane ¢ and a g-plane ¢ are incident if £ C &; the Radon transform is
explicitly defined by

RPD f(&) = /A f0dee. (1.1)
4

when ¢ € G(g,n) and f is a function on G(p,n). Here d:{ is a canonical measure
on the set E = { ¢ € G(p,n) |€ is incident to ¢ } invariant under all Euclidean
motions preserving #. In particular, when p = 0, R ©9 reduces to the classical g-plane
transform on R”". We will be working in the category S(G(p,n)) of Schwartz class
functions on G(p, n), as defined in [Ri]. The following theorem [GK1, Theorem 7.7]
gives a range characterization of R (”*9) in the case when dim G(p, n) < dim G(g, n):

Theorem 1.1. Assume that p < q and dim G(p,n) < dim G(q, n). Then there exists
a differential operator Q of order 2p + 4, invariant under the Euclidean motion group
M (n), such that for any ¢ € S(G(q, n)),

9 e RPDS(G(p,n)) < Qp=0. (1.2)

This theorem generalizes the range characterization of the k-plane transform on R”,
when k < n — 1, via a second-order ultrahyperbolic system [Ri,Go3] a single fourth-
order M (n)-invariant differential operator [Go2].

The classical Radon transform, on the other hand, has its range given by moment
conditions, as specified in [GGV,Lu,H1]. (See the last reference for a complete proof.)
The Grassmannian analogue to this would correspond to the transform R ("% with
dim G(p, n) = dim G(gq, n). Since the dimensions coincide, we would expect the range
to be specified by appropriate moment conditions as well. This is the content of our
main result, Theorem 3.1 below. As with the proof in [H1], the crucial element of our
proof consists of justifying the smoothness of a certain “partial Fourier transform” on
the space G(p, n). (Propositions 3.1 and 3.2 below.)

Now Helgason’s geometric proof of the support theorem for the classical Radon trans-
form is well-known ([H1]; less well-known is the fact that it is also a consequence
of the forward (easy) moment conditions and a polar-coordinate version of the Paley—
Wiener Theorem ([H3]; Theorem 2.3 below)). We give an extension of this theorem
to affine Grassmannians (Theorem 6.1) and use it to prove a support theorem (The-
orem 6.2) for the transform R(”9) in the case when dim(G(p,n)) = dim(G(q, n)).
The injectivity of R(P>9) is then used to prove the support theorem (Theorem 7.1) when
dim(G(p,n)) < dim(G(q, n)).
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2. Moment conditions and the support theorem for the classical Radon
transform, revisited

To clarify our exposition, it will be instructive to briefly summarize Helgason’s proof
of the range characterization of the classical Radon transform by moment conditions.
For this, let R = R ©-n=D . f +— f denote the classical Radon transform, which maps
functions in S(R") to functions ¢ € S(S"~! x R) which satisfy ¢(w, p) = ¢p(—w, —p).
(See [H3, p. 99] for the definition of S(S"~! x R).) We call such functions even and
define Sy (S"~! x R) to be the vector space of all even functions in S(8"! x R)
satisfying the following condition:

For any k € 7", there exists a homogeneous polynomial Py of degree k on R" H)
such that [ (o, p) p* dp = Pi(w) for w e "1

Theorem 2.1 (Helgason [HI1]). RS(R") = Sy (S"~! x R).

Proof. It is an easy calculation to show that
* k k
/ Rf(w, p)ptdp = [R F@) (x, ) da.
—0o0

This shows that RS(R") C Sy (S"~! x R). Conversely, suppose that ¢ € Sy (S"~! x R).
Define the “partial Fourier transform” ¢ on 8"~ x R,

S .
¢(w,s) = / @(w, p)e P dp, seR, wesS L (2.1)

—00

It is straightforward to prove that ¢ is an even function in S(8"~!' x R). In addition,
the condition (H) for k = 0 shows that @ — @(w, 0) is constant so that there exists
a unique function F on R" for which F(sw) = ¢(w, s). Now the map (w, s) > sw
is a local diffeomorphism of §"~! x (R\ {0}) onto R" \ {0}, which shows that F is
smooth outside the origin. To prove the smoothness of F at the origin, it suffices to
show that the partial derivatives of F' are bounded on, say, the punctured unit ball
B '={xeR"|0<|lx|| <1}. Fix ¢ > 0. Now on the subset A, . = {sw € B'|0 <
s<1, o= (w,...,0) €S" L, w, >¢&> 0} we can use (s, ®1,...,w,—_1) as local
coordinates: repeated application of the chain rule shows that

k m j
0 F A i (o1, ..., 0— 0 0
= Y Jitt in R ) _ ~_ F(sw). (22)
Ox;y - -+ 0xj, |~ sk=J Ow;, - - - 0w;, 0s
Jiisesim
The coefficients Aj.; . i, (@1, ..., w,—1) are smooth bounded functions of (wj, ...,
wp—1) and the right-hand sum ranges over all j <k and over all sequences iy, ...,y

in {1,2,...,n — 1} where m <k.
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We write e=P5 = YK )(—ips)!/1! + ex(—ips) and apply condition (H) to (2.1) to
obtain

k=1 . .y 00
Foo) = Y Sl Ao + / 9. pex(~ips) dp.
=0 -

Since the P; are polynomials of degree [/, (2.2) implies that

o~ F © g
™ MZi it i (©) f_ o da @ P

Im

ex—j(—ips)

(—ips)k= @3

x (—ip)

Now ¢ € S(5""! x R) and ek_j(—it)/(—it)k_j is bounded for all real ¢, so (2.3)
shows that the kth-order derivatives of F' are bounded on the set A, ;. From this, we
deduce that the kth-order derivatives of F are bounded on B’. Hence F € C®(R").
A routine calculation using, say, (2.2), shows that F € S(R"). Denoting the Fourier
transform on R"” by F, let f be the inverse Fourier transform of F: F = F(f). For
any o, s the projection-slice theorem says that F f(sw) = ffooo f(a), p)e~iPS dp. The
injectivity of the Fourier transform on R then implies that ¢ = f d

We now state the support theorem for the classical Radon transform in the following
form:

Theorem 2.2 (Helgason [HI]). Let f € S(R") and suppose that R > 0. If f(w, p) =
0 whenever |p| > R, then f has support in the closed ball Bg = {x € R"| ||x|| < R}.

While the support theorem can be proved geometrically, it is also a consequence of
the forward moment conditions (H). The key is the following polar coordinate version
of the Paley—Wiener theorem. (See [H3, Exercise B1, Chapter 1]. Ly

Theorem 2.3 (Helgason [H2]). Let R > 0. The Fourier transform f +— F [ maps
D(BR) onto the set of functions F f(lw) = Y(w, ) € C®(S"~! x R) satisfying the
following conditions:

() For each w € §"', the function )\ +— W(w, ) extends to a holomorphic function
on C with the property that

sup [Y(@, 2) (1 + 2DV e RImAl < 00, N e 7™,

w, A

I'The authors would like to thank Prof. S. Helgason for pointing out this exercise.
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(ii) For each k € Zt and each homogeneous degree k spherical harmonic function h
on S"1, the Sfunction

I Tk / llﬁ(w, ) h(w)dow
Sl‘l—

is even and holomorphic on C (dw denoting area measure on S"1).

__To see how the support theorem follows from this, we take f € S (R™) satisfying
f(w, p) = 0 for all |p| > R. Then Y(w,s) = Ff(sw) satisfies condition (i) above
by the easy part of the Paley—Wiener theorem and the projection-slice theorem. Now

let & be a homogeneous degree k spherical harmonic on $”~!. Then

fs  Y(.5) h()do /S - / Flo. p)e ™ dph(w)dow

k—1

1 o
2 F/s 1/ (. p) (=ips)' dp h(w) do
1=0 . n— —00

+ fsmf f(w, p) h(w)dwer(—ips)dp

k—1 Y
- Z( zle) / Pi(w) h(w) do
=0 . Sn—l

+ ‘/Snfl _/ ']/C\(QL p)h(w) dwek(_lps)dp

by the forward moment conditions (H) for f Since Pj(w) is a sum of spherical
harmonics of degree </, the sum on the right-hand side vanishes, so that

sk Y(w,s)h(w)do = /00 sk ex(—ips) / 1 f(a), p)h(w)dwdp.
sn=

sn—1 —00

The inner integral on the right is a smooth compactly supported function of p € R and
s > s Ker(—ips) extends to a holomorphic function on C. In addition, the right-hand
side above is easily seen to be even in s. Hence y(w, s) satisfies condition (ii) in
Theorem 2.3, and so f is supported in the closed ball Bg.

3. The range of the Radon transform on affine Grassmannians: the equal rank
case

We adopt the notation of [GK1] in what follows. Let G , be the (compact) Grass-
mann manifold of p-dimensional subspaces of R". Then G, ,=0(n)/K,, where K ,=
O(p) x O(n—p) is the subgroup of O(n) fixing the p-plane sop=Re; @ --- @ Re,.
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We assume that the Haar measure on all compact Lie groups, and the invariant
measures on their homogeneous spaces (with the exception of the unit spheres), are
normalized. Let R, 4, : C*(Gp,) — C®(Gy,n) be the Radon transform corre-
sponding to the inclusion incidence relation between p- and g-dimensional subspaces
of R". Then R, , , is a linear bijection when rank(G, ,) = rank(G, ,) [Gr]; when
rank(Gp ;) < rank(Gg.,), Rpg.n is injective and the range Rj, ., C*(Gp ) is the
subspace of C*°(G,,,) annihilated by an O (n)-invariant differential operator of order
2rank(G ) + 2 (See [K,GK1]).

When rank(G, ;) < rank(Gy ), there is an O(n)-invariant operator [, , , : C™
(Gpn) = C®(Gp,n) which inverts R, 4

f =0pgnRypnoRpgnf, [feCT(Gpn). (3.1

The operator [, , ., given explicitly in [K], corresponds to multiplication by a
constant factor on each of the K-types in L?(G p.n), and is a differential operator when
g — p is even. We call U, ; , a reproducing operator.

As stated in the introduction, we assume that p < g. Let 5, denote the g-plane
Re; @ --- © Rey, and let H, and H; denote the subgroups of the Euclidean motion
group M(n) = O(n)xR" fixing the p-plane gp and the g-plane #,, respectively. We
have, in particular, H, = (O(p) x O(n — p))xR? and G(p,n) = M(n)/H,.

For suitable compatible measures on M(n), H,, H,;, and H, N H,, the affine
Grassmannian transform R(”9) is the Radon transform associated with the double
fibration

Mn)/(H), N Hq)

v N
G(p,n) = M(n)/H, G(g,n)=M(n)/H,

The corresponding incidence relation between p- and g-planes in R” is just inclusion.
We can write R(7-%) explicitly in the following way [GK1]. G(p, n) is a vector bun-
dle over G , of rank n — p: its fiber over each ¢ € G, , is oL: each £ € G(p,n) is
written uniquely as £ = (o, x), where o is the parallel translate of £ through the origin
and {x} = ot Ne. We parametrize G(q,n) in a similar manner: G(g,n) = {(n,v) €
Gy.n x R"|v L n}. From [GK1] the transform RP@ is then given by the formula

RPD £y, v) = / </ fo, v+ x)dx) do (3.2)
ocn alny

for any appropriate function f on G(p,n). The outer integral is taken over the set
{0 € Gp |0 C 1y}, with respect to the normalized measure invariant under all u € O (n)
preserving 1.

Let S(G(p,n)) and S(G(gq,n)) denote the spaces of Schwartz-class functions on
G(p.n) and G(q,n), respectively. Then R4 : S(G(p,n)) — S(G(q,n)), by
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Gonzalez and Kakehi [GK1, §6]. Next let F, and F, denote the partial Fourier
transform (i.e. Fourier transform on the fibers) on G(p, n) and G(q, n), respectively:

Fpflo,y) = / Lf(a,x)e‘”y"‘)dx, f €S(G(p,n). (3.3)

Using (3.2), it is not hard to prove the affine Grassmannian version of the projection-
slice theorem:

FroROVf0) = [ Fpfads (34)
aCn

for all (1, y) € G(¢q,n) [GKI, Proposition 6.1].

We define the rank of G(p,n) to be min(p + 1,n — p). Since dimG(p,n) =
(p+1)(n—p), we note that rank(G(p, n)) < rank(G(q, n)) if and only if dim G(p, n) <
dim G(q, n). The range result Theorem 1.1 from [GK1] is essentially proved using the
projection-slice theorem and the range characterization of the compact Radon transform
R,.4 on Grassmannians in R"~! via O (n—1)-invariant differential operators. In addition,
the projection-slice theorem and the inversion formula (3.1) for R, , on R*~! are used
to prove an inversion formula [GK1, Theorem 6.4] for R(P-D when dim G(p,n) =
dim G(g,n) and g — p is even. (See Rubin [Ru2] for another inversion formula for
R(P-9) without the parity restriction.)

It is not hard to obtain an analogue of the moment conditions (H) for the transform
RWP9 Let k € Z* and f € S(G(p, n)). Then for any (1, y) € G(g,n) we have

/ RPD £ (5, v) (v, y)* dv /(v,y>k / / f(o,v+x)dxdody
nt 7t ocn Jotny

/ / [ f(a,v+x)(v+x,y)kdxdvda
acn It Jotny

/ /lf(a,w)(w,y)kdwda. (3.5)
oCcn Jo

Here we have used the fact that o'~ equals the orthogonal direct sum (o= N#) @ .
The inner integral above represents a smooth function Py (g, y) on G(p,n):

Pi(a, y) =/ f(o, w) (w, ) dw, yeat. (3.6)

Clearly Py is a homogeneous degree k polynomial on the fibers of G(p, n).
Egs. (3.5) and (3.6) lead us to define Sy (G(g, n)) as the vector space consisting of
all ¢ € S(G(q, n)) satisfying the following condition:
(H'): For each k € Z™, there exists a C*® function Py on G(p,n) such that

1. For any o € Gp,, the function y — Pi(o,y) is a homogeneous polynomial of
degree k on o
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2. For all (n,y) € G(q,n), we have

/ o1, v) (v, Y dv = f Pi(c. y) do. 3.7)
nt oCn

Eq. (3.5) shows that the range R(P*9S(G(p, n)) is a subspace of Sy (G(q,n)). Note
that the condition (H’) reduces to the classical condition (H) when p =0 and g = n—1.
We now state our main result:

Theorem 3.1. Suppose that p < q and rank(G(p, n)) = rank(G(q, n)). Then RP9)
S(G(p,n)) = Su(G(q,n)).

Our proof roughly follows the lines of the classical proof. Let ¢ € Sy(G(q,n)).
The partial Fourier transform ¢ of ¢,

o, y) = Fao(n,y) = /

o, v) e V) gy, (3.8)
"IJ'

belongs to S(G(gq, n)) by Gonzalez and Kakehi [GK1]. We now introduce the “flag”
manifold Fy , = {(n, w) € G4,n X sl |n L w}. (Define F) , similarly.) Then ¢ gives
rise to a smooth function ® on F,, x R

D, w,r) = 3, ro). (3.9)

Note that (T)(r], ,r) = (5(11, —, —r).

For each w € §"71, let G p(wL) and G, (o) denote the compact Grassmann mani-
folds of p- and g-dimensional subspaces of the (n — 1)-dimensional space w* C R".
Then G p(wl) and G, (a)L) are diffeomorphic to G ,—1 and G4 ,—1, respectively, and
are homogeneous spaces of the subgroup O(w) of O(n) fixing w.

F4 n is a fiber bundle over S"~1 with fibers G p(wJ-). If we identify the Grassmannian
Gy n—1 with G, (ej‘), we can see that Fy , is the associated fiber bundle O(n) X o—1)
Gg,n—1 of the principal bundle O (n) — "1 uis uee,. Let %q :0m)xGgp1 —
Fyn, (u,n) — (u-n,u-e,) be the quotient map. Using local cross sections, it is easy to
see that a function @ is smooth on Fy , iff its lift <Do%q is smooth on O(n) x G4 p—1.

For each w € §", let Rf,{q : COO(Gp(a)L)) — C* (G, (wh)) be the O(w)-invariant
Radon transform corresponding to the inclusion incidence relation, and let R{’, be
the dual transform. R;{ is of course just a translate, under O(n), of the transform
Rp.gn-1:C®(Gpu—1) = C®(Gy,n—1) defined in the beginning of this section. Since
p+q+ 1 =n, it follows that rank(Gp(wL)) = rank(Gq(wL)) = min(p, q), and so
R;’,q is a linear bijection. Let D;‘,”q be the corresponding reproducing operator; the
appropriate translate of (3.1) for R;’, q 18

— (&) w w
v = UpaRap o Ryg W (3.10)

for all Y € C®(G p(o™h)).
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Let us now return to the function ® on Fyn x R. Since Rg’,q is a bijection, there
is, for each (w, r), a unique smooth function F(-, w;r) on G‘I‘; such that

(1, w; r) =/ F(o,w;r)da G.11)

oCn

for all (n, w;r) € Fp, , x R. We also express this as 5(71, w;r) = (Rg’!qf(-, w; r)) ).

We can, of course, think oj F as being a function on F), , x R.

We want to prove that F is smooth on F,, x R. (This is not completely obvious.)
S~ince the variable r is fixed in (3.11), this reduces to showing that the map (o, w) >
F(o,w;r) is C® on F,, for each r. In view of the inversion formula (3.10), let us
consider the integral transform S, from functions on F, , to functions on F) ,, given
by

SO(o, ) = /

oCnCot

o1, 0)dy = (RE,00,0)) (@), (@.0)€Fp  (312)
for all ® € C*°(F, ,). Here dn denotes the canonical and normalized measure on the
submanifold {# € G, , |0 Cn C ot} of Gyn.

Lemma 3.1. S is a continuous linear operator from C*(F, ;) to C®(F, ;).

Proof. In fact S is the Radon transform associated with the double fibration
on)/(K; NKp)

v N\
Fyn = 0)/K, Fpn=0m)/K,

where Eq = 0(q) xOm—q—1) and I?p = O(p) x O(n— p—1) are the subgroups
of O(n) fixing (19, en) € Fyn and (0o, ey) € Fp,, respectively. Hence by Helgason
[H3, Chapter I, Proposition 3.8], the transform S is a continuous linear operator from
C®(Fyp) to CP(F,,). O

It will be useful to express S in terms of associated fiber bundles. In terms of the
quotient maps 7, : O(n) X Ggn—1 = Fyn and T, : O(n) x G n—1 = Fp ,, wWe have

SOoT,(u, 0) = /f Qo Ty, mdn = (Rypa-1(@oF),))(@).  (3.13)
nlen

If ® is smooth on Fy ,, then the right-hand side is smooth on O(n) x G 1. (This
also shows that S® is smooth on Fj,, whenever ®@ is smooth in Fy ,.)
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Next we define the operator ) on F p.n DY putting
0P F(o, w) = 09, F(, 0)(0) (3.14)

for all F € C*(F, ;). (In the above, the operator D‘p", ¢ acts on the first argument.)

Lemma 3.2. 07 is a continuous linear operator on C*°(F, ;).

Proof. Again letting 7, : O(n) x G ,—1 — Fp, be the quotient map, the O(n — 1)-
invariance of [, 4 ,—1 implies that

OPG) 0 Fpu,0) = Opgni1(GoTy)w,0) for G e C®(Fy,), (3.15)

where U, 4,1 acts on the second argument. Therefore, the continuity of O%® follows
from (3.15) and the continuity of [, 4 ,—1. O

In particular, O F is a smooth function on F Do

We now slightly modify the definitions of the operators S and (® in (3.12) and
(3.14) so that they act on functions on Fy , x R and F), , x R, respectively. In other
words we put

SY(o,w;r) = f Y, w;r)dn, (0,w) € Fp, (3.16)
cCncot
for all ¥ € C*°(F,, x R), and
0PV (e, wir) = 09, V(. 0 r)(0) (3.17)

for all V € C*(F), , x R). Lemmas 3.1 and 3.2, suitably modified, still apply to show
that S : C®(F;, x R) — C®(F,, x R) and OP) : C®(F, , x R) — C®(F,, x R)
are continuous linear operators.

Now by the inversion formula (3.10) for R;;{ q and definitions (3.12) and (3.14), we

can recover F from ® in Eq. (3.11):
Flo,w:r) = (D<P> ° ScT)) (6, w: 7). (3.18)

By the remarks above, we see that Fe C®(Fpn x R). ~

The uniqueness of F in (3.11) implies that F(a w;r) = F(o,—w; —r) for all
(0, w; r) € Fp » x R. We next show that the moment conditions (H") for k =0 imply
that F(a w; 0) is constant in w € S"~'NgL. The function Py(c, v) on G(p, n) given in
(H’) in this case is a Oth-degree polynomial in v for each ¢ € G, and thus depends
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only on g, so we put Pj(6) = Py(c,0). We have Pj € C*(G,) and by (3.7),
(1. 0) = / P}(0) do.
acn
If we take any w € $"~! and # € G¥, we have by (3.9) and (3.11),

$1.0) = By, ,0) = / Fo. 0.0 do.

aCn

Since R;”q is injective we see that F(a, w,0) = P(;(a) for all ¢ L w.
In view of this and the fact that F is even in (w, r), there exists a function f on

G(p,n) given by
flo,rw) = F(a,w;r), (5,0;r) € Fpp xR (3.19)

Now the mapping (g, w; r) — (o, rw) is a local diffeomorphism from F , x (R\ {0})
onto G(p,n)\Gp . (This is best seen by viewing both F,, , xR and G(p, n) as bundles
over G », or as associated bundles of the principal bundle O(n) — Gp », u = u-09.)

f is therefore smooth on G(p,n)\ G, ,. In addition, it is continuous on G(p,n),
since the map (o, »; r) = (o, rw) is a quotient map of F,, x R onto G(p,n). From
Eq. (3.11), f satisfies the relation

b, y) = / f(o,y) da (3.20)
acn

for all (,y) € G(g, n). -

Our next objective, given in Propositions 3.1 and 3.2 below, is to prove that f is
smooth on all of G(p,n), and that in fact f € S(G(p,n)). Assuming this, let f be
the inverse partial Fourier transform of f: F,f = f. Then the projection-slice theorem
3.4, in conjunction with Egs. (3.11), (3.8) (3.9), and (3.19) show that

Fgo RV f(,ro) = / fo,royds = Fyon, ro)
aCcn
for all (1, w) € F,, and all r € R. By the injectivity of F,, we get RPD f = ¢,
which proves Theorem 3.1.
Proposition 3.1. f € C®(G(p, n)).
Proposition 3.2. f € S(G(p, n)).

We will give the proofs of the above two propositions in Section 5.
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4. Differential operators on Grassmann manifolds and flag manifolds

In this section, we will study the calculus of differential operators on F, , and on
G(p,mM\(Gpn x{0}) = Fp ,» xRy. (Here we identify G, ,(C G(p, n)) with G, x{0},
using the parametrization G(p,n) 3 £ = (0,x), 6 € Gp,,x € GJ‘.) In particular,
we will give a kind of polar coordinate decomposition of differential operators on
G(p,n) \ (Gp,n x {0}) analogous to (2.2). The results in this section will be applied
to the proofs of Propositions 3.1 and 3.2 in Section 5.

Let M(n) = O(n)xR" be the Euclidean motion group, and let m(n) = so(n) xR" be
its Lie algebra. m(n) has basis consisting of the elementary skew symmetric matrices
Xij = Ej—Ej; 1<i < j<n) and E; (1<k<n), where Ey,..., E, denote the
infinitesimal translations in the directions of the unit vectors ey, ..., e,. Let u(m(n))
denote the universal enveloping algebra of m(n). We note that u(R") C u(m(n)) is a
commutative subalgebra of u(m(n)). We call P € u(R") a homogeneous element if P
is written as a homogeneous polynomial of Eq, ..., E,. By the Poincaré-Birkhoff—Witt
theorem, the following proposition is easily obtained.

Proposition 4.1. Any element U € u(m(n)) is written as a linear combination of terms
of the form QP, where Q € u(so(n)) and P € u(R") is a homogeneous element.

For the sake of simplicity, throughout this section, we write the action of X € m(n)
on f € C®(G(p,n)) as

d
X flo.x)) = — f(exp(=1X) - (0. X))l:i=0.

Similarly, if X € so(n) and f € C®(F,,) (or f € C*®(Gp,) ), we write the action
of X on f as X - f. In addition, we also write the action of U € u(m(n)) on f €
C*®(G(p,n) as U - f.

For v € 8! and o > 0, we introduce the open sets

Fp,) = {(0,0) € Fpu | ||Prorv]| >0},

Pr,. denoting orthogonal projection to o In addition, for an index set I = {i1, ..., in)}
with 1<i| < --- < i, <n, let

m

Fy = (1) Fi(e).

k=1
Then we have the following:
Lemma 4.1.

U F) Il = Fpn for some o > 0.

p.n
#l=n—p
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Proof. Take an arbitrary point (¢, w) € F) ,. Since ¢ is a p-dimensional subspace of
R", there exist n — p unit vectors €., €, (I<iy < -+ < ip—p<n) such that
e, ¢ 0, (1<k<n— p). So if we put

1
o= 3 min{|[Pros e |l [ 1<k<n = p ). 1= {it.vinp ).

then (o, w) € Fg’n[l]. Let V, = U#,znfp F;"n[l]. Then, the above result shows that
Ua>0 Vo = Fp . Since {Vy }y~0 is an open covering of the compact set F), ,, we
can take a finite covering {Vai }?]:1 of F) . Let p = miny<j<n «;. Then we have
Viuy = Fp.n,» which proves the assertion. [

Lemma 4.2. Let Uy = { 0 = (0y,...,0y) € SNV | Oy > 0 ). There exist smooth
Sfunctions aj (j=1,...,N —1) and b on SN=1 s Un such that

N—1
(Ey ))(r0) = >

j=1

for (v,0) e SN x Uy, r>0 and for f € C®RN \ {0}).

aj(v,0)

0
Xinf@r0) +b(v, 0)§f(r0)

Here E, denotes the directional derivative in the direction of —v € RN, namely,

d oo mN
Ev~f(x)=af(x—tv)|z=o for [ e C(R™).

Proof. It is not hard to see that

A

1 d d R 0
“Xiy=0 O, == 0.
, JjN N B J

0x;j ! oxy or st 0x;j
Hence
I <
-X1N Oy O 0 —0; ox
0 Oy O —6,
1 - d
-XN-1IN =
o --- 0 On —0n_1 OXN—1
< 0 0 --- Oy—1 Oy J
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Note that
Oy 0 - 0 —04
0 Oy O —0,
det | : : =0y >0 if0ely.
o --- 0 On —0n_1
0 0 --- Oy-1 Oy

Thus, each vector field % is written in the form
J

N-1
0 ajk(G) 1 b](e) 0
R —Xin + — i=1,...,N),
o T e Ut
where aji(0) and b;(0) are polynomials of 0 € Uy. Since E, = _21;’:1 v; _ﬁi-’ the
N v

. . 3
assertion follows from the above expression of # O
J

Next, in a similar way to the case of RY we introduce the radial derivative E, on
G(p,n)\ (Gp, x {0}) and the directional derivative E, on G(p, n) in the direction of
—v € R" as follows:

1 d
E.f(o.x) = Wd_rf(a’ r)l=1  for f € C¥(G(p,n) \ (Gpn x {0O}),

d
E,- f(t) = Ef(ﬂ —t)i=0  for f € CP(G(p,n)\ (Gpn x {O}).
Our aim now is to generalize (2.2) to G(p, n).

Proposition 4.2. For an arbitrary point (61, w1) € Fp p, there exist an open neighbor-
hood U of (a1, w1) in F)p, and smooth functions a;; (0, ), b'(a,w) on U such that

E - flo.ro)= Y laﬁj(a, ) Xij - f(o,rw) + b (0, w) E, f(o,r0)  (4.1)
1<i<j<n r
for 1 (1<I<n), (6, w) eU, r >0 and for f € C*(G(p,n)\ Gpn x {0}).

Proof. Let us first take an open neighborhood V; of 61 in G, and a smooth local
cross section u : Vi — SO(n) such that

u(o)o =Re; @ --- @ Re, (we put =0g) foroeVi, u(o)w; =e,.



530 EB. Gonzalez, T. Kakehi/Advances in Mathematics 201 (2006) 516—548
Then, by taking a sufficiently small open neighborhood Q| of w; in 8"~!, we have
u(@w e {0,...,0,01,....,0,-,) €S 0,_,>0)}
for (o, w) € (V1 x Q)N F) 5. Now, let
U=V xQ)NFy,.

By Lemma 4.1, there exists an index set [ = { iy, ...,i,—p } such that & C Ff,‘,n[l].
(Replace V) and Q; by smaller neighborhoods if necessary.)

Step 1: Let us first consider the case [ € I.

The vector e; can be written as

e; = Prge; + R;(0) yi(0),

;L€

P
Ri(0) = |[Pryrel|l, (o) = eS" 'ngt. 4.2)

[1Prgserl]
By the definition of F ﬁ‘,n[I 1,
Ri(0) = ||Pr,1e/|| > o foro e V.
Therefore, R;(¢) and y;(¢) are smooth on V. Moreover, by (4.2)
E - f(o,r®) = Ri(0)Ey (g - f(o,7w) for f e C®(G(p,n)\ Gp,y x{0}).

From now on, we will decompose the above vector field Ey, ) as a linear combination
of rotational derivatives and the radial derivative E,. Since u(a)-y;(o) € aé = Re,1®
- @ Re,~R""P, we can apply Lemma 4.2 to the case when N =n — p and v =
u(o) - yi(o). Thus

n—1

1
Eu@rn) 800 = D7~ An(u(©@) - 31(0). 0) (Xonn - )(r0)
m=p+1
+ B(u(o) - yi(0), 0) (E, g)(r0) (4.3)
for 0 = (0,...,0,01,...,0,—p) € g NS"', 0,_, >0, r >0, and for g €
C>®(R"7\{0}). Here A,, and B are smooth functions on 8" P~ x {0 = (0,...,0, 0y,
e O0hp) € O'(J)‘ NS Op—p > 0}. (We identify 0 with a unit vector (01, ..., 0,_))

in R"P.)
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Let us take g(r0) = f(u(o)~! - oo, ru(e)~' - 0) in (4.3). Then,

Eyo) - f(0,70) = Eu)y) - f@(@ ™" - a0, ru(@) ™" - 0)lp—uioro

n—1

1
Y. S An@(@) (). 0)

m=p+1

XXmn - f (@) ™" - 60, ru(@) ™" - 0)g—u(o)0

+Bu(0) - yi(0), 0) E; fu(o)™" - 60, ru(@) ™" - Olo—u(o)w

n—1

= Y L An@(@) - 91(0), 0) (X2 . f)(o, ro)
m=p+1 r
+Bu(0) - yi1(a), 0) (EI“) f) (o, ro). (4.4)

We note that the radial derivative E, is invariant under the action of SO (n), in particular,

EF“) = E,. In addition, we also note that X}\+'” is written in the form
ern(z(o)) — Z Cl,"/?(g) Xij, 4.5)
1<i<j<n

where Cl.”;(o) is a smooth function on V. Combining (4.4) and (4.5), we have the
following expression:

1 ~
Ey @) - flo,rw) = Z ;Efj(a, w) Xjj - f(o,rw) + bl(a, w) E, f(o,rw) (4.6)

1<i<j<n

for some smooth functions Zﬁ. and Zl on U. Since R;(g) is smooth on V;, we obtain
an expression of form (4.1) for [ € I.
Step 2: Next, let us consider the case [ ¢ I. Since U C F Z‘,nU ], we see easily that

R"=0® (e, ...,e;nfp) for ¢ €V, 4.7)

where (e;, ...,e,‘nfp) denotes the (n — p)-dimensional subspace spanned by e;,, ...,
€, ,. (Note that decomposition (4.7) is not necessarily an orthogonal decomposition.)
Using the decomposition (4.7), we can write e; in the form

n—p
e =27+ Z ag(o)e,, ze€o.
k=1
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Obviously the coefficient ai (o) is a smooth function of ¢ € V;. Thus,

n—p
E - f(o.rw) =Y a(0)E - f(o.rw). (4.8)

k=1

From (4.8) and the result of Step 1, we can conclude that E; f (o, rw) = Eg, f (0, rw)
has an expression of the form (4.1) for [ ¢ I. [

Proposition 4.2 yields the following:

Proposition 4.3. There exist smooth functions af /.(0, ) and b' (o, w) on Fp ; such that

1 1 )
E; - f(o,rw) = Z ;aij (0, ) X;j - f(o,rw) +b'(0,w) E, f(0,rm) 4.9)

1<i<j<n
for 1 (1<I<n), (6, w) € Fppu, r >0 and for f € C®(G(p,n)\ Gp, x {0}).

Proof. Since F), , is compact, it follows from Proposition 4.2 that there exists a finite
open covering {Uy}1<v<m of Fp, such that E; f has an expression of form (4.1) on
each U,. So the above (globally defined) smooth functions af ; (0, ) and b! (o, w) can
be constructed, using a partition of unity for the open covering {{h}1<vgm. U

Let us consider u(R") to be a subalgebra of u(m(n)) = u(so(n) ®R"*). We see easily
that an element of u(R") is written as a polynomial of vector fields Ey, ..., E,. The
following theorem is the affine Grassmann version of Eq. (2.2).

Theorem 4.1. Let P = P (Ey, ..., E,) € W(R") be a homogeneous element of order
m. Then for f e C®(G(p,n)\Gp,, x{0}), PM(Ey, ..., E,) - f(o,rw) is expressed
as

P™(Ey, ..., E,) - f(o,ro)

m
=Y A" (D) FEM T f(o.rw) for (6.0) € Fpu. r >0,
k=0

where A,({m)(D(g,(,))) is a differential operator on Fp, of order at most k.

Proof. We will prove the theorem by induction with respect to m. In the case m =1,
the assertion follows from Proposition 4.3. Suppose that the assertion of the theorem
holds for any element of u(R") of order at most m. Let us take any homogeneous
element Q € u(R") of order m + 1. Then, Q can be written as a linear combination of
EjQ(j) (1<j<n), where Q) € u(R") is a homogeneous element of order m. There-
fore, without loss of generality we may assume that Q = E{ P for some homogeneous
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element P € u(R") of order m. Then, by the hypothesis of induction, Pf(a,rw) is
written as

m
P(E1,....,E))f(0,r®) =Y  A(D.w)r “El' * f(o,rw) for (6, w)€F)n, r>0,
k=0

where Ay (D(g,w)) is a differential operator on F), of order at most k.

On the other hand, by Proposition 4.3, there exist smooth functions a;;(c, w) and
b(o, w) on F) , such that

1
Ei -F(o,ro) = Z —aij(o, w) X;j - F(o,rw) + b(o, w) E, F(o,rw)
’ :

1<i<j<n
for (6, w) € Fpp, r >0 and for F € C® (G(p,n) \ Gp,, x {0}). Here we note that
rXij = Xijr, EXij = XijEr, 1Ar(D(c,0) = Ar(D(s,m)7
E, Ar(Dg,0)) = Ak(D@,0)) Er.

Thus we have

Q- f(o,ro) = E1P - f(o,rw)

m
Yo ) a0, 0)Xij Al(Di.oy)r TE! T f(o.ro)

1<i<j<n k=0

m

+Y " b(0, ) Ai(Dioep) r T EPT T f (o, ro)
k=0

b(a, ) Ao(D(g.)) E™! f(a, rw)

m
+> { blo.0) AkDow) + Y aij(0. ) Xij A—1(Dig.00)
k=1

1<i<j<n
xr_kE;”'H_k f(o,rm)

+ Y aij(0.0)Xij Au(Dg.oy) " f (o, 7).

I<i<j<n

It follows from the above expression that the assertion of the theorem holds for Q =
E | P. Therefore, the proof is completed. [J
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5. Smoothness of f
In this section, we will prove Propositions 3.1 and 3.2.

Proposition 5.1. There exist homogeneous polynomials Py (o, x) of degree k on G(p, n)
(k=0,1,2,...,) such that

=

-1,
Fon=3 " k’,) Pi(a,x) + (@7 dy)(a, ;1)
k=0 ’
where @y (o, w;r) = / en(=i(y,rm))o(n, y)dydn
oCncot Jyent

for N, (N =1,2,3,...,) and for (c,x) € G(p,n) with x = rw, ((o,w) € Fp,).
Here, as in Section 2, ey(t) denotes the Nth remainder term of the Taylor expansion
of e'. Moreover, as in (3.12), dn denotes the canonical and normalized measure on
the set {n € Gynlo CnCot).

Proof. By the definition of F,

flo,rw) = D‘]‘,”q/ Fqo(n, rw)dn
sCncat

— Dw —i(y,rm) , dvd
g /ocncm /yenL e o, y)dydn

N—-1 Kk
(=D .
= Dg)’q/ / Z | (y, rw)k +eN(_l (y,ra))) (/)(;/I7 y) dydn
ocncot Jyent | 15 k!
=
- k! D(qu/ f o, y) (v, ro)* dydy
k=0 ’ ocncot Jyent

+@OP O (o, w; r).

Since ¢ satisfies the moment condition (H’), there exist homogeneous polynomials
Py (0, x) of degree k on G(p,n) (k=0,1,2,...), such that

/ Pr(o,rw) do = / o, y) (y, r(u)k dy forV(n,rw) e G(g,n) withn L o.
acn yent

Applying the inversion formula for Rl“,{ 4 to the both sides of the above equality, we
have

Pi(o,rm) = D(;;’q./

aCnCot

/ o, y) (y, ro)* dydn.
yent
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Therefore, using these homogeneous polynomials P, (k =0,1,2,...,), f(a, rm) is
written as

N—1

f(a, rm) Pk(a ro) + (OP o) (o, w; r),

=~

=0
which completes the proof. [

Since G(p,n) \ (Gpn x {0) =F,, x Ry, the radial derivative E, also acts on a
function on F) , x R4. From now on, we extend the action of E, to F), , x (R\ {0})
so that

EY(o,w;r) = E,¥(0, —w; —r) for ¥ € CP(F,, x (R\ {0})).
Proposition 5.2. For k,1 € 7+ with k +1 = m, we have
(r*kEﬁ ®pi1)(,57) = 0, as r — 0, in the topology of C(Fp ).

Proof. The Nth remainder term ey (¢) in the Taylor expansion of e’ is expressed as

en(t) =tNgn (), gn(t) = 1)‘ / (1 —s)Ne' ds. (5.1)

Thus we have

Opy1(0, w51r) = / / (—i(y, re))™ M gmi1 (=ily, ro)) e, y) dydn
sCncot L

rm / / (=i (y, o))"
scncot Jyent

Xgm+1(=i(y, rw))p(y, y) dydn. (5.2)

Let us write
rEEL T i o) g (i roD | 01 3) = @ (v 000, (53)

Here we note that ¢, (1, y; ,r) and its (higher order) derivatives with respect to y
are bounded and integrable in y if |r|<1. By (5.2) and (5.3), we have

G FE @) -0, u - w; 1)

= r/ / Qi1 u-y;w,r)dydn for u € O(n).
ccncot Jyent
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Thus we have for Xi,..., X1 € so(n)
X1+ Xp - r EL®pi1)) (0, 05 1)

— / / XDy (XL)y - e )0 y: 0. P dydn. (54)
ocncot Jyept

In equality (5.4), (X;)y, (1<j<L) acts on a function of y. Taking into account that
¢ € S(G(g,n)) and g,+1(—it) has bounded derivatives, we see easily that

sup [(X1)y - (XL)y - @i (1, y; 0, 1) SC+[IyID~"79FD fory e yt. (5.5)
ri<1

In inequality (5.5), the constant C does not depend on (17, w) € F, . As a result, for
any L>1 and for any X1, ..., X1 € so(n), there exists a constant C such that

sup (X1 XL - FEL Dy ) (o, 0;7)|<Clrl for v, (P < 1), (5.6)

(o,w)EF)

which proves the assertion. [J
Lemma 3.2 and Proposition 5.2 yield the following:

Proposition 5.3. Let Q be an element of u(so(n)) and let P = PME,, ..., E,) be
a homogeneous element of W(R") of degree m. Then,

sup  [(QP - D(‘”)(Der])(G, w;r))—0 as r— 0.

(o,w)€F) n

Proof. By Theorem 4.1, the differential operator P (Ey, ..., E,) on Fpn x (R\{0})
is written in the form

m
PUNEL ... E) = Y A" (Dg.o)r FEMF for (6.0) € Fpu. r #0,
k=0

where A,((m)(D((,‘w)) is a differential operator on F,, of order at most k. Since Q €
u(so(n)), Q can be regarded as a differential operator on F) ,. Moreover, O® acts
on functions of (o, w) € Fp, and therefore 0% commutes with the multiplication
operator » and the radial derivative E,. Taking account of these two facts, we have

m
QP 0P Dy 1)@, 1) =Y (Q 0 A (Dig.ey) 0 0P (- EP Wy 10) ) (0, 005 7).
k=0



FB. Gonzalez, T. Kakehi/Advances in Mathematics 201 (2006) 516—548 537

By Lemma 3.2, O® is a continuous linear operator on C*(F}, ) and so is Q o
A,(Cm)(D(O-,w)) o @, Thus, by Proposition 5.2, we have

(Q oA (Dg.wy) o OP ¥ E"*®yi1))(,57) > 0 as r — 0
in the topology of C*°(F), ).

In particular, we have

sup  [(Q oA (Dig.) 0 OP - FE KM, 1)) (0, 0;7)| = 0 as r — 0,

(0.0)€Fpn

which completes the proof. [

Proof of Proposition 3.1. From now on, we will prove the smoothness of f around
the set G, x {0}. Since f is smooth on G(p,n)\ (G, x {0}), the proof is reduced
to prove the following:

Proposition 5.4. f is smooth near Gp , x {0}.

Proof. It suffices to show that f is of class C™ for any m (m = 0,1,2,...,). We
prove this by induction on m. We have already proved that f is continuous on G( p,n),
namely, f is of class C° on G(p,n). In addition, we have already shown that f is
smooth on G(p, n) \V(Gp,n x {0}).

We assume that f is of class C™ on the set {(g,x) € G(p,n)||lx]| < 1}. Let us
take any U € uim(n)) of degree m + 1. From now on, we will prove that U - f (g, 0)
exists and U - f is continuous at (c,0) for any point (¢,0) € G, , x {0}.

Taking account of Proposition 4.1, we may assume that U is written in form (i) or
(i1) below.

(1) U = XQP, where X € so(n), Q € u(so(n)) is of degree k and P € u(R") is a
homogeneous element of degree m — k.
(i) U = E P, where P € u(R") is a homogeneous element of degree m.

So if we prove the following two lemmas, Lemmas 5.1 and 5.2, then we see that f is
of class C™*!, and therefore, the proof of Proposition 5.4 is completed. [J

Lemma 5.1. Let Q € u(so(n)) be of degree k and let P € u(R") be a homogeneous
element of degree I. We assume that k+1 = m. Let X € so(n) and let 6 € Gp . Then,
QP - f is differentiable at (0,0) € G, x {0} with respect to X. Moreover, XQP - f
is continuous at (o, 0).

Proof. By the hypothesis of the induction, QP - f is a continuous function on {(g, x) €
G(p,n)|llx|| < 1}. By Proposition 5.1,

l Y
f(o,ro) = E # Pj(o,x) + (D(p) Oy11) (o, ;1) for x = rw.
: J: ’
Jj=0
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Since Pj(o,x) is a homogeneous polynomial of degree j and P € u(R") is a ho-

mogeneous differential operator of order [/, P - Pj(s,x) = 0 if j<I — 1. Thus we

have

(=)
Al

+(QP -0V @ 1) (o, w;:r)  for x =ro. (5.7)

QP - f(a,x) = (QP - P))(0,x)

Let r — 0 in (5.7). Then by Proposition 5.3 and the continuity of QP - f, we have

(—i)!
[!

QP - f(5,0) = (QP - P)(0,0).

Hence,

~ d ~
X (QP - f)(0.0) = ——(QP- He™¥a,0)li=0

_ =) d X
= (QP - P)(e""a,0)]=0
(=)
=~ (XQP - P)(0.0).
Note that by the definition of moment condition P; € C*°(G(p, n)). Therefore, QP - f
is differentiable at (g, 0) € G, , x {0} with respect to X.

Next, we will show the continuity of XQP - f at (g,0). Similarly as in (5.7),

(=)’
Al
+XxXop . -OW DO 1) (o, w; 1) for x =rw.

XQP - f(o,x) =

(XQP - P)(a,x)

Again, by Proposition 5.3,

N
—1 . .
( l') }%(XQP . Pz)(a,X)+}1_r)rb (XQP-OP® 1) (0, w;1)

! -
_ ! li) (XQP - P)(0,0) =(XQP- f)(0,0). U

1mMXQP,ﬁwJ)

Lemma 5.2. Let P € w(R") be a homogeneous element of degree m. Then, P - f is
differentiable at (a,0) € G , x {0} with respect to E1. Moreover, E\P- f is continuous
at (a,0).

Proof. If e, is parallel to o, obviously the assertion holds. so we assume that e ffo. By
the hypothesis of the induction, P - f is continuous on {(a,x) € G(p,n)|||x|| < 1}.
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Let v =Pr,1e; # 0. By the mean value theorem,
1 ~ ~ ~ ~
;{P - flo,—=tv) = P f(0,0)} = (EyP - f)(o, —0tv) = (E\P - f)(o, —0tv) (5.8)

for some 0, (0 <0 < 1).
By Proposition 5.1,

N m+1 Y
flo,rw) = Z ( jl')

J=0

Pj(o, x) + (OP @, 0)(0,0;7)  for x =ro.  (5.9)

Since P;(o,x) is a homogeneous polynomial of degree j and E;P € u(R") is a
homogeneous differential operator of order m + 1, E1 P - Pj(o,x) = 0 if j<m. Thus
we have

E\P-f _ e E\P-P
(Eq 'f)(U,rw)—m( 1P Puy1)(o, x)

+(E1P o OV @, 10)(0, w;7)  for x =rw. (5.10)

Hence by Proposition 5.3,

(_l')m+1

(E1P - f)(a, —01v) = oyt ErP - P (o, —0r0)
+(E1 P o OP) @y 40) (0, v/v][; —0t]v]])
(=i)""! E\P-P 0 t— 0. (5.11
m( 1P Ppi1)(o,0) as 1 — L. (5.11)

Therefore, it follows from (5.8) and (5.11) that P - f is differentiable at (¢,0) €
Gp.n x {0} with respect to E; and that

- (_i)m+l
E|P - f(0,0) = m (P - Pu+1)(0,0). (5.12)

Next we will show that (E P - f ) is continuous at (g, 0). By (5.10) and Proposition
5.3,

EiP - f _ et E/P-P
(E1P - f)(o,rw) = m( 1P - Pyy1)(o,x)

+(E1P o OP) @ 12) (0, 03 7)
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(=i
m(ElP - Ppt1)(0,0)
= (EiP-f)(6,0) asr—0, (5.13)

which proves the continuity of (E{P - f~) at (,0). O

Finally we will prove that f is a Schwartz class function on G(p, n).

Before going to the proof, let us recall from [GK1,Ri] that a smooth function g on
G(p, n) belongs to the Schwartz space S(G(p, n)) if for any nonnegative integers N
and m and for any m vector fields Yi,...,Y,, € m(n) g satisfies

sup x|V (Y1 Y - g)(0, x)] < oo.
(0,0)eG(p,n)

Proof of Proposition 3.2. We start with the following:

fN(o, ro) = D(”)/ Fqo(, ro)dn.

oCnCwt

Let us take any nonnegative integers m and N. In addition, let us take any element
0 € u(so(n)) and any homogeneous element P = PM(Ey, ..., Ey) € u(R") of degree
m. By Theorem 4.1,

N (QP"(E\, ..., Ey) - ) (o, rw)

m
=" 3" QA" (Do) FEFFOP) / Fao(n. ro)dn

k=0 gCncwt

Il
NE

QA (D )P / PNEER o, ro) dy

ocncwt

>-
Il

0

(Q oA (Dig.w)) o OP 0 )PV HE" K Fro(-,r))(a, ), (5.14)

NE

~
Il
=}

where A,({m)(D(g,w)) is a differential operator on F) , of order at most k and where
S is the Radon transform from C°°(F,,) to C*(F),,) defined by (3.12). In the
above computation, we used the fact that the multiplication operators r/ (j = 1,2,...)
commute with differential operators on F,, and with the operator 0. Since F,¢ €
S§(G(q,n)),

rN*kE;’“k Fqo(,r) — 0 as |r| — oo,
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in the topology of C*°(F, ). Moreover, in the summand of (5.14), Q o A,((m)(D(g,w))
o™ o § is a continuous linear operator from C*(F, ;) to C*°(F, ;). Thus we have

(Q oA (Dig.wy) 00" 0 SY PN HEM* Fop(,r)) — 0 as |r| = oo,
in the topology of C*°(F), ), from which we can conclude that

sup PN (QPY"N(E\,....Ey) - f)G,rw)| — 0 as |r| > oc. (5.15)

(o,w)EF)

Taking account of Proposition 4.1, we see that (5.15) proves the assertion. [

6. Support Theorem 1

Our objective in this section is to prove a support theorem for R(”-?) based on the
forward moment conditions (H’), generalizing Theorem 2.2. For this, we make use of
the second-order differential operator A, on G(p,n) which acts as the Laplacian on
each fiber o

A, f(o,x) = Ly f(o,x)

A, is invariant under the motion group M (n) [H1]. We define the differential operator
A, on G(gq,n) similarly.

Using the operator A,, it makes sense to talk about harmonic polynomials on the
fiber o1 in G(p,n), as well as spherical harmonics on the unit sphere S, in ot
(These can also be obtained from harmonic polynomials on R"~7 by a translation by

an appropriate element u € O(n).)

For any R > 0, define Bi: to be the set of all p-planes (o, x) at distance <R from
the origin. We will use the following analogue of Theorem 2.3 for the partial Fourier
transform F.

Theorem 6.1. The partial Fourier transform f v F,f maps D(Bﬁ) onto the space
of all functions F, f (o, lw) = I::(a, w; ) € C¥(F,, x R) satisfying the following
conditions: ~

(i) For each (0, w) € Fp,, the function i — F(o,w; L) extends to a holomorphic
function on C with the property that

sup (1 + DN F(o, w; 2y e RIMAL _ o (6.1)
(0,0;2)€F, , xC

for each N € 7.
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(ii) For each k € 7", for each ¢ € Gp.n, and for each homogeneous degree k
harmonic polynomial hy on o', the function

Jo Tk / f(o, w; MNhg(w)dw
So

is even and holomorphic in C.

Proof. If f € D(Bllf), then clearly the function 4 — f(a, w; ) = fJL f (o, x)e iAx.)
dx extends to a holomorphic function on C. If N € 77, we have

PN |F (o, w3 )] =

/lZN/ f(o,x)e_i’1<x’w>dx
O—L

f (=ApN f (o, x) e 0 dx
ot

< € max |(—Ap)Nf(a,x)|eR‘Irm|
(O’,X)Eﬁp

for all (o, w; A) € F), , xC, which proves estimate (6.1). Moreover, F satisfies condition
(ii) above by Theorem 2.3 applied to the Euclidean space ot
Conversely, suppose F, f = F satisfies (i) and (ii). Let ¢ € G ,. Then—again by

Theorem 2.3 applied to the Euclidean space ¢-—the function

o0
flo,x) = 2m)P™" / / F(o, w; 2) 5@ jn=r=1 47 da
S JO

satisfies f (o, x) =0 for all ||x|| > R. This shows that f is supported in Bﬁ. O

Our main result, the support theorem below, extends the classical support theorem,
Theorem 2.2.

Theorem 6.2 (Support Theorem for RP9)). Assume that rank(G(p,n))=rank(G(q,

n)). Suppose that f € S(G(p,n)) satisfies RPD f(n,y) = 0 whenever |y| > R.
; . R

Then f is supported in iy

Proof. Let ¢ = R"® f; then let Oy, w; A) = Fao(n, i) as in (3.9). From Theo-
rem 6.1, the function A — ®(y, w; 1) extends to a holomorphic function on C for each
(n, w) € Fy », and satisfies the estimate

sup A+ DN Dy, w3 2) e RIMAL - 60 forall NeZt.  (6.2)
(n,w;2)eFy , xC
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Moreover, since X - F,¢ = F,(X - ¢) for X € so(n), we have a similar estimate for
Xy---X, - ®. Here Xy, ...,X,, € so(n). Namely, for any nonnegative integer m and
for any m vector fields Xy,..., X,, € so(n), we have

sup A+ 12DV (X1 X - D)V, ;3 e RIMA| o o0 for all N € ZF.
(1.w;)€Fy , xC

(6.3)

Let us fix an arbitrary nonnegative integer N and introduce a family of functions
{H; | 2€C}in C®(F,,) as follows:

Hy(n, ) = ®(, o 2)(1 + [N e RIMA (6.4)

Then the above two estimates (6.2) and (6.3) show that {H; | 2 € C} is a bounded set
in C¥(Fyn).

Now we put F(o,w;r) = Fpf(o,rw) as in (3.19). Then by the (projection-slice)
Theorem 3.4,

&)(r], w;r) = / I?(o, w;r)do.

acn

(This is the same as Eq. (3.11).) Just as Xvith (3.18), for fixed w the inversion formula
(3.10) may again be applied to recover F from @:

Fo,wr) = 09,(S®) (0, w:r) = 0P 0 SB(a, w: ).

This formula still holds when r is replaced by a complex parameter A.
f(a, w: ) = 0P o S(T)(o*, w; A). (6.5)
Next, we put G,(a, ) = F(a, ; 2)(1 + |A)Ne RIMA Then G, = OP o SH;. Since

by Lemmas 3.1 and 3.2 0O® o S is a continuous linear operator from C*(F; ,) to
C*(Fp,,), the set {G, | 2 € C} is bounded in C*(F), ;). In particular, we have

sup  [Gie, )= sup  |F(o, 0 )1+ [AYNe RIMA| < 4o,
(0,w;0)€Fp ,xC (0,0;2)€Fp ,xC

which shows that the function / > F (0, w; /) satisfies the uniform Paley—Wiener
estimate (6.1). ~

Next, we will prove that the function A +— F (o, w; 1) is holomorphic in C for each
(o, w) € Fp . Let us take any closed curve I' in C. Then by the continuity of Owos,

/ F(a,w; ) d)=0O" oS(/ &')(-,-;;L)d/l) (7, m) = 0.
r I
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Here we used the fact that @ is holomorphic in A. Therefore, by Morera’s theorem,
A+ F(o,w; A) is holomorphic.

To finish the proof of Theorem 6.2 it remains to prove that for each homogeneous
spherical harmonic /&, of degree k on the unit sphere S, in ¢, the function

) Ak /S F(o, w; 2) ho(w)dw (6.6)

is even and holomorphic in A. First, the fact that f(o, w; L) = F(a, —w, —4)) implies
that (6.6) is even in A.

In the calculations leading to Proposition 5.1, which use the forward moment con-
dition (H'), the real parameter r can be replaced by the complex parameter A to give
us the following expression:

k—1
(1,

(- zﬂ)l . .
/ Pi(o, ) do+ / o1, ) (=i 2y, o)k ge(=i Ay, @) dy,
! acn nt

=0
where g (—iz) = ex(—iz)/(—iz)* is holomorphic in z and bounded if z is real. (See
(5.1) for an explicit expression of g;.) We write the last integral above as

7 / 001, y) (=ity, o) gu(=idy, o) dy = I Pin, 3 1),
n

where Wi (7, ®; ) is a smooth function on Fy, x C and holomorphic in /. for each
(n, ) € Fyp.

By the inversion formula (6.5) (and (3.1) for the function P; € C*°(G(p, n))), we
get

k—1 . i
F(o,w; ) = Z ( ll 2 Pi(a, ) + 2XO0PSY (o, w; A).
=0 ’

Similarly as in the proof of holomorphicity of F (o, ; 2), we can prove that P S\,
(o, w; 2) is holomorphic in A for each (g, w). Hence

/ F(o, w: 1) he(w) dw

S

—\ (- zﬂ)l
Z / Pi(6, ®) he(w)dw
=0 ! Se
+K / OP SW (a, w; 1) he(w) dw
S¢

= K / OP S (0, ; A) he(w) dw,
Se
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since Pj(o, w) is a degree [ polynomial in @ € S5, and so is a sum of spherical
harmonics in S, of degree <!/. The fact that the mapping

i A7k / F(o,w: ) ho(w)dw = / OP) SWy (o, w; 2) he(w) do
Se S

is holomorphic in 4 now follows. The function F, f (g, Aw) = f(a, w; A) thus satisfies
conditions (i) and (ii) in Theorem 6.1, and hence by that theorem f is supported in

/_35. This completes the proof of Theorem 6.2. [

7. Support Theorem 2

In this section, we prove the support theorem for the Radon transform R (P9 :
S(G(p,n)) = S(G(gq,n)) in the case when p < ¢ and dim G(p, n) < dim G(g, n).
Let O be a subset in R". Throughout this section, we assume the following condition

(A) on O.

For any £ € G(p,n) with £ C OF, there exists a hyperplane L A)
such that £ C L C O°.
The following support theorem holds:

Theorem 7.1. Suppose that f € S(G(p,n)). If RP9 £(&) =0 for all ¢ C OF, then
f) =0 for all £ C O°.

As a corollary, we have the usual support theorem for R 7-4), namely,

Corollary 7.1. Let r > 0. Suppose that f € S(G(p,n)). If RPD f(&) = 0 for all
&, dist(&,0) > r, then f(£) =0 for all £, dist(¢,0) > r.

Proof. If O = { x € R" | ||x]| < r }, then obviously O satisfies condition (A). [

Remark 7.1. Similarly, if O is a convex set, then O satisfies condition (A). So, in
this case, the support theorem also holds.

However, there are many cases when O satisfies condition (A) but O is not neces-
sarily convex. Even in such a case, the support theorem holds.
The following are examples.

Example 1. For a, b (a < b) and for r > 0, let

O = (x =1, %, ..., %) €R" | (x) —a@)* + x5+ +x2<r?, x1<a ),

Oy = {x=@nx2...x0) €R" | (x] =B +x3 4 +x2<r%, x1=b) (71.0)

n
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and let O = O; U O;. Then, O is no longer convex. But it is easily seen that O
satisfies the condition (A).

Example 2. For a,b (a < b), let

O1={x=(x1,x2,...,xp) €ER" | x1<a },

O ={x=(x1,x2,...,%) €ER" | x1=>b }, (7.2)

and let O = 01 UO;. Then, O° is a band domain. Similarly as in the above example,
O is not convex, but O satisfies condition (A).

Now, we proceed to prove Theorem 7.1. The key is the injectivity of the Radon
transform.

Proof of Theorem 7.1. Let us take an arbitrary p-plane £p which is included in O°.
Then, by condition (A), there exists a hyperplane L € G(n — 1,n) such that £y C
L Cc O Let Gd,n; L)y ={y€ G(d,n) |y C L} Then the space of Schwartz class
functions S(G(d,n; L)) on G(d,n; L) is defined in a similar manner to S(G(d, n)).
In addition, we can define a Radon transform Rép’q) :S(G(p,n; L)) - S(G(g,n; L))
as follows:

RV f(8) = | Jwdt foree Gl and for f <SG L), (73)
Cc

where dg€ is the canonical measure on the set {£{ € G(p,n; L) | £ C ¢ }. For f €
S(G(p,n)) in the statement of Theorem 7.1, let f; be the restriction of f onto the
submanifold G(p, n; L). Then, f; € S(G(p,n; L)). Moreover, by the definition of

R”? and by the assumption of the theorem, we have
RV fL(@) =RV f(& =0 foréeGlg,n;L). (74)

In fact, if ¢ € G(g,n; L), then ¢ C O° and therefore R P?) f(&) = 0.

By applying a suitable translation and a suitable orthogonal transformation to L, we
may assume that L = Re; @& --- ® Ren,l(;[R”_l). Then, the Radon transform Rép’q)
is nothing but the Radon transform from S(G(p,n — 1)) to S(G(g,n — 1)) associated
with inclusion incidence relation. By the assumption that p < ¢ and dim G(p,n) <
dim G(q, n), we see easily that dim G(p,n—1)< dim G(g,n—1). So, by Theorem 6.4
and Remark 3 in Section 6 of our previous paper [GKI], Rép D g injective. Hence,
by (7.4), fr(€) = 0 for £ € G(p,n; L). In particular, f(€yo) = fL(¢y) = 0, which
completes the proof. [

Finally, as an application of the above support theorem, we give a range characteri-
zation of R (7@ in the category of compactly supported smooth functions.
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Let C°(G(d, n)) denote the space of compactly supported smooth functions on
G(d, n). Then, it is easily seen that since p < g the Radon transform R %) maps
CX(G(p,n)) to CX(G(q,n)). As we stated in the introduction, since dim G(p,n) <
dim G(g, n) the image of R P9 is characterized as the solution space of an M (n)-
invariant differential equation of order 2p + 4 of the form,

dv(Q2pta) @ = 0. (7.5)

Here Q3,44 is an element in 3(m(n)) and is expressed as the sum of the squares of
Pfaffians” of order p 4+ 2. (See Gonzalez and Kakehi [GK1] for the definition of the
operator Q2,4 and its detailed properties.)

Since C°(G(d, n)) C S(G(p, n)), the support theorem (Theorem 7.1) and the range
theorem for R (P9) [GK1, Theorem 7.7] yield the following:

Theorem 7.2. Suppose that p < q and dimG(p,n) < dimG(q,n). A function ¢
€ C*(G(q,n)) belongs to the range R(p’q)(Cfo(G(p,n))) if and only if dv(Q2p+4)
¢ = 0.
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