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Abstract

Pittie, H.V., The integral homology and cohomology rings of SO(#) and Spin(r.), Journal of
Pure and Applied Algebra 73 (1991) 105-153.

We give explicit generators and relations for the ring structure of the integral rings in the title.
These results are new, at least for large n, and they complete the program of computing these
rings for the classical groups.

Intreduction

Let G =SO0(n) or Spin(n); we will describe the integral rings H*(G : Z) and
H (G : Z) (under Pontryagin product) in terms of explicit generators. Despite the
considerable literature on this subject, some of it dating back to the 1950’s, the
multiplicative structure was not previously ¥nown except for small values of n
(see, for example, the introduction to the recent paper of Ka¢ [4]). In fact, even
H*(SO(n)/T : Z), where T is a maximal torus in SO(n), was computed only in
the 1970’s [6, 10]. We shall give a simple computation of this last ring and then use
the spectral sequence of T— G— G/T to get at G; along the way we answer
affirmatively a question of Kac [4] proving that the integral Serre spectral
sequence of this bundle for G = SO(n) or Spin(n) collapses at E;. This is the main
reason for using the Serre spectral sequence in the paper. We are also well-nigh
forced to give a new computation of H*(Spin(n): F,) as an algebra over the
Steenrod algebra &/(2); this was done by Borel [3] only on the transgressive part,
and subsequently completed to the ‘exceptional generator’ in an announcement
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by Svaré [8]. However, our definition of this exceptional genc.. or and computa-
tions with it are more global and completely free of cell-decompositions.

Of course, the structure of H*(G : Q) and H (G : Q) is classical from Hopf’s
theorem. Miller [7] computed H*(SO(n) : F,) as a module over &/(2) and proved
that the torsion subgroup of H*(SO(n):Z) has sxponent 2, thus giviag the
additive structure of the integral cohomology; he also computed H ,(SO(n) : F,).
Borel [3] derived these results on SO(#n) concisely from his celebrated Transgres-
sion Theorem, and extended some of them to Spin(n). In [3] he computed
H*(Spin(n):F,), p=2 and enough of the #(2) module structure of
H*(Spin(n) : F,) to conclude that the torsion subgroup of H*(Spin(n):Z) has
exponent 2: he also computed H,.(Spin(n):F,) for n=<10 and proved the
noncommutativity of this ring for n=10. The description of the Pontryagin
product in H _(Spin(n): F,) was completed by Svar¢ [8]; and apparently this is
also due to Kojima [5] (but I am relying on later papers of S. Araki and W.
Browder for this attribution, not having access to Kojima’s paper).

Nontopologists to the contrary, the cup-product in H*(G : F,) (for all p =2)
does not give the integral cup-product, even in the presence of the additive
description of the integral cohomology; the point is that certain elements of
infinite order have squares (and higher powers) of order 2, and this cannot be
deduced simply from the modular rings. What one has to do is to create enough
integral elements, in a sense a priori, to generate the integral ring; then one can
compute the relations (as well as the Pontryagin product) using the results of
Miller and Borel, by relating the mod 2 reductions of ihe integrai generators to an
explicit set of generators for H*(G : [,). It is thus to match our generators with
known computations that we have to rederive known resuits in our own terms;
this accounts largely for the length of the paper.

The results of this paper complete the description of the integral cohomology
and Pontryagin rings for all classical simply-connected groups. The exceptional
groups, PSO(2n) and the ‘semi-Spin’ groups SSpin(4n) will be taken up
elsewhere.

It turns out that the caiculations for SO(n) are parallel to those of Spin(#n) and
somewhat simpler; thus SO(n) is relegated to the last section of this paper where
the parallels are briefly set out. Similarly, Spin(2n) shares many features in
common with Spin(2n + 1); thus the main focus of the paper is on Spin(2n + 1),
with occasional remarks on the case of type D,. In fact, using certain general
features of the computations of B, and D,—and without recourse to the
nitty-gritty of the full description—we prove (in Section 2) the following theorem:

Theorem 1. There is an integra! class € in H™""'(Spin(2n + 2) : Z) giving a ring
isomorphism

H*(Spin(2n +2) : Z) = H*(Spin(2n + 1) : Z) ® A*(e) .

(Of course, & transgresses to the Euler class in the universal bundle.) The
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corresponding result is true for SO(n) as well, «nd the theorem reduces our task
to establishing only those features of type D, ., which are needed for this proof.
However, the analogous assertion is false for the Pontryagin product in the
homology of Spin(2n + 2): see Theorem 3 in Section 6.

Here is a brief description of H*(Spin(2n +1):Z). There are three sets of
generators; Xx,..... X, Wy (2=j=[(n+1)/2]) and v, where I is a certain
multi-index (see Section 5). The elements x; have degree 4j — 1 and infinite order,
and their square-free products form a Z-basis for the free part of the cohomology
ring. The other generators are of order 2. The u; generate the so-called ‘Chow
ring’ and the v, come from the Bockstein of a distinguished set of elements in
H*(Spin(2n + 1) : F,). All squares land in the Chow ring, and in fact one can
eliminate roughly half the u, by using the squares of the x; (see Proposition 5.5).
The rather long list of relations among these generators can be found in
Propositions 5.5-5.8.

The principal effort in this paper is concentrated on the followiag:

(a) The construction of explicit elements x,...., x, with the properties above;
this is taken up in Sections 4 and 5 using the results of Section 3 on H*(SO(n)/
T:2).

(b) The proof in Section 4 that the torsion ideal in E;(Z) for

T— Spin(n)— Spin(n) /T

is an F,-vector space; together with (a) this is the crucial step in proving
E.(Z) = E.(Z) because, unlike the modular case [4], as soon as n =5 there are
generators in E;(Z) of fibre degree =2.

(c) The isolation of the exceptional generator of H*(Spin(n):[,) and the
action of #4(2) on it which also uses steps from (a). With the aid of (a) and (c) and
an argument which we hope the reader will not find too devious, we can prove
Theorem 1 (Section 2). In Section 6 we work out the integral Pontryagin product
for Spin(n) and in Section 7 we t .ord the parallel assertions (of Sections 4-6) for
SO(n).

1. Notations and preliminaries

1.1. R will denote the coefficient ring for all homology and cohomology groups in
this paper; it will always be a principal ideal domain, in practice being Z. a
localization of Z (including @) or one of the Galois Iclds F .

1.2. Let A* be a (graded) R-algebra. A set of (homogcneous) elements
a,,...,a, is said to be a simple set of generators for A* iff the set

{1.a, - a, |1Si,<---<1’psn}

4] l’,
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is an R-basis for A*. In this case we write
A*=A*(@a,,...,a,).

Note that in particular A* is connected if deg a, > 0 for all i and a free R-module
of rank 2"; this terminology differs from that of Borel {2] when char R # 2.

1.3. If M is a closed oriented manifold, we will denote by [M]€ H'P(M : R) the
generator Poincaré-dual to the class of a point in H,(M: R) and call it the
fundamental class.

We now list some trivial homological facts which will be repeatedly used in the
following sections.

1.4. Suppose (C*,d) is a free R-cochain complex of finite type; if tk,C*=
tkxH*. then d =0 and C* = H*. Thus the fact that H* is a free R-module is part
of the conclusion. This assertion will be used repeatedly to prove the degenera-
tion of various spectral sequences.

1.5. If ¢ : F— E— B is a fibre-bundle with connected fibres, the Serre spectral
sequence of ¢ with coefficients in R is denoted by E (¢ : R). If R— S is a flat
extension, then E(¢:S)=E,(¢:R)®.S, d’ =d¥®.S.

1.6. There is a fairly simple formal ‘Poincaré-duality’ argument which is used
several timcs in the paper, so we given an abstract formulation here. The proof
can be found in 4.5.

Suppose A* is a finitely-generated P-D algebra with fundamental class [A]

defined over the PID R. Let a,,....a, € A* be elements such that
(1) af =0, a,a, = —a.a;,
(ii) a,---a,=[A]
Then the subalgebra generated by a,,. . ., a, is an exterior algebra of rank 2" and

is an R-summand of A*.

If, moreover, A* is equipped with a derivation 8 of square zero, [ A] €Im 8 and
8(a;) =0, then the exterior algebra A*(a, .., a,) intersects Im & in (0) and hence
injects onto a summand of H*(A, §).

The end of a proof is indicated by a square ‘[J". A bar over an element of a ring
denotes its reduction mod 2.

2. A ‘reduction’ to the odd case

As explained in the Introduction, we will prove Theorem 1 by culling certain
general features of H*(Spin(n):Z) which are established in later sections.



Integral homology and cohomalogy rings 109

Although this does not completely eliminate the consideration of Spin(2#) from
later sections, it does simplify our task somcwhat. The analogous result for SO(n)
is simpler and can be proved along the same lines. The reader might prefer to
return to this section after going through Sections 3-5.

For a positive integer m define

A(m) =min{d|m =27} .
The following results are due to Borel [3, Section 12]:

2.1. (a) If 2 is invertible in R, H*(Spin(m): R) = exterior algebra on [m/2]
generators of odd degree.

(b) dimg_ (H*(Spin(m): F,))=2""*"",

(¢) The 2-torsion subgroup of H*(Spin(m): Z) has exponent 2.

Now consider the fibre bundle
o, Spin(zn + 1)_" Spin(2n + 2)—1) SZ"'H

and for the duration of this section put G, =Spin(2n + 1), G, ., = Spin(2n + 2).

n+1
2.2. Proposition. For any coefficient ring R, the spectral sequence E (w,:R)
degenerates at E,.

Proof. In any case E,(w,:R)=E,,, (o,:R) and the only possible nonzero
differential is d~ . ,; it suffices to prove that it is zero for R=2Z(}). F, and Z.

For R=Z(3) we see from 2.1(a) that E,, . ,(®,: R) is a free module of rank
2"*! and again that E, ,.(®,:R)=E. (w,:R) has rank 2""' (because
H*(G, ., : R) does). Thus by 1.5 we have degeneration for R = Z(3). Using this
and 1.5, Im(dZ,, ) lies in the 2-torsion subgroup of E,, . (w, : Z).

To prove degeneration over F,, we can certainly take n = 1; then A(2n + 1) =
A(2n +2) and so 2.1(b) and 1.4 yield the assertion. Change of rings gives a map
of the (long-exact) Wang sequence over Z to the Wang sequence with F.-
coefficients. Using the results above and an elementary diagram chase we obtain
s, =0. 0O

Denote by £ = w*[S™"'|€ H""'(G,.,,: R). Again from 2.1 the restriction
map

fe:H*G,,,: R)= H"(G,: R)

is a surjective ring homomorphism with kernel the principal ideal (¢). Hence it is
easy to see that f has an additive splitting and that additively we have

H*G,.,: R)= H*(G,: R)® A%(¢).



110 H.V. Pittie

Once we prove that f; has a multiplicative splitting, then £ =0 will give us the
result.

For R =F, we have proved the existence of such a splitting in Corollary 5.4.5;
here we need a slight modification of it, using Corollary 5.4.4 and Proposition 5.5.
In the notation of Section 5 the map

Z,z,, X, (for G,))—x, (for G,,,)
is a ring homomorphism splitting f; . Moreover, this splitting commutes with Sq',
although not with all the higher squaring operations in general. Now consider the
universal coefficient theorem for the change of rings p:Z—F, applied to
G,.,.G,. Since the splitting commutes with Sq', 2.1(c) implies that it commutes
with the ‘coboundary’ in the universal coefficient theorem, and hence it induces a
multiplicative splitting of f; € T,

&:H*G,: 2)®F.— H(G, ,: Z) ®F, .

We will now lift ¢ to a splitting cf the integral rings.
Given any space X, let Tors H*(X : Z) be the ideal generated by all elements
of finite order in H*(X : Z). The quotient

OX)=H*"X:2Z)ITors H(X : Z)

is a functor from spaces to graded, torsion-free Z-algebras which preserves
products, as one sees irom the nonfunctorial splitting in the Kiinneth formula.
Hence for a finite (connected) H-space X, Q(X) is an exterior algebra over Z on
generators of odd degree by Hopf's theorem and Borel’s Proposition 7.3 [2].
These degrees are of course well known for X = G,.G,,, ; and thus we obtain a
diagram

n°

O—>T0r5 H*(Grl-r-l :Z)_)H*(Gn+l :Z)%A;(yl’ ct yn’ E)—>0
fr Jf’ Jf* (2.3)
0—Tors H*(G, : Z)— H*(G, : Z)——A;(y,.- .., y,)—0

where the exact rows can be split by assigning to y, the element x, of (5.2.1) and
to £ the element &= 7#*[S*"']. In particular, the rows remain exact after
tensoring with F, and we obtain a diagram ‘(Z.3)®F, .

Now again for arbitrary X, H*(X : F,) is a DGA with differential Sq' and from
2.1(a) and (c) we conclude that the rows of (2.3)®F, are precisely

0— Sq'-coboundaries— Sq'-cocycles— Sq'-cohomology — 0
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for X=G,,, and G,, respectively. Since o commutes with Sq'. it induces a
splitting compatible with the diagram (2.3)®F..
The lifting of ¢ to o is now aiready defined on the torsion-ideal by 2.1(c); put

Tors H*(G, : Z)—=———Tors H*(G,,, , : Z)
Il i I
(Tors H*(G,, : 2))®F, 5 (Tors H*(G,,. , : Z)) ®F,. (2.4)

This is multiplicative and it can be extended to the middle terms of (2.3) by
setting

U(x,'l .. -x,p):x'_]o . .xlp .

(2.5)

To check the multiplicativity, it is enough to note that o ®F, = o because by
(5.2.2) it is ‘multiplicative’ on the free summand; and o ®F, = ¢ follows from
(2.5) and

o(x;)=x,

which can be checked from (5.4.6) and our construction of
H*(Gn : {FE)_) H*(GrH-l : [FZ)'
This comp’etes the prooi of Theorem 1. O

We record the facts which we have used from later sections:

(i) The structure of H*(Spin(k): F,) as a DGA with differential Sq' coming
from Proposition 5.4 and Corollary 5.4.4.

(ii) The consiruction of the elements x, whose square-free products generate
the free part of H*(Spin(k) : Z) (Corollary 5.3.1).

3. The integral cohomology ring of X, and allied spaces
We will give an elementary topological calculation of the cohomology ring of
X,=S0(2n +1}Y/U(n)

and show that this immediately yields

(a) H*(Spin(m)/T : R).

(b) the Chow rings A*(SO(m)), A*(Spin(m)),
all of which are required in later sections.

The first complete calcuiations of (a) and (b) are apparently in the 1974 thesis
of Marlin [6] who used the intessection formulae of Chevalley and Demazure for
the Bruhat cells of Spin(rm) /T to obtain (a); then (b) follows from a well-known
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result of Grothendiek (in Séminaire Chevalley 1958). Marlin’s methods involve
long combinartorial formulae, and they do not bring in H*(X,, : Z) explicitly; thus
to deduce our results from his would not be much shorter than the present
approach but considerably more roundabout. Similar comments apply to Toda
and Watanabe [10, Section 2]. Hence we briefly set out a more direct and
elementary argument below. A partial computation of H*(X, : Z) by Schubert
methods was recently given by Boe and Hiller [1], which further sugzests that this
ring has not previously been fully described. At the end of the section we
compute the mod 2 cohomology of

X! = Spin(2n + 1)/SU(n)

which is required for computing the action of &/(2) on H*(Spin(k) : F,), as well as
the Pontryagin product in Section 6.
Fix standard inclusions J(n) C SO(2n) CSO(2n + 1) and set

Y, =S0(2r)/U(n), X,=S0(Q2n +1)/U(n).
In the associated homogeneous fibre bundle
i, ¥, 5 X, 58"

the pull-back f*7S*" of the tangent bundle of $>" has a tautological complex
structure J. In fact, there are homogeneous complex bundles V,— X,, V. > Y,

associated to the standard U(n) module C"; and { f*TS>, J)=V ., i*(V.)=V".
Now the action of SO(2n — 1) CSO(2n) on Y, gives an isomorphism

g: X, =Y, (3.1

because SO(2n — 1) N U(n) = U(n — 1) and counting dimensions, the orbital in-
clusion is a diffeomorphism. (In fact this isomorphism is well known in various
other guises also.) The composite j : X,_, = Y, = X, is the standard inclusion and
g (V,)=V,_,@®C as one checks easily.

Using (3.1) we can rewrite the bundle 7, as

n,: X, ,>X, 55"
An obvious induction on n gives m,(X,)=0, and for any R, E,(n,:R)=
E.(m,:R), H**(X,:R)=0 and H*(X,:R) is a free R-module of rank 2"

Moreover, V, is stably isomorphic to V| _,.

3.2. Proposition: There are unique elements Y €H (X, :Z) such that 2y, =
ci(V,) and HX(X,: Z) = A3(y,.....v,).
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Proof. Cnce we show the existence of the y,, the uniqueness follows because
H*(X,:Z) is a free Z-module. We proceed by induction on n.

X, =5 and V| is its complex tangent bundle, so the result is true for n =1.
Now the degeneration cf E (), : Z) implies that j* is an isomorphism in degrees
=2n-1, so for 1=k=n-1 we can take y, € H”‘(Xn :Z) to be the inverse
image of y, € H*(X,_,:Z). On the other hand, V. =(f*(TS™),J) and so
c.(V)) is the Euler class of f*(TS*")=2f*[$*"]. Since H*(X,_,:Z)=
A3 (%> --»%,-,) by hypothesis and y. = f*[S*"}° =0, the resi follows. [

3.2.1. Corollary. vy, -y, ==[X,] in H*(X,:Z). O
Thus we have a surjective homomorphism of graded rings
¢:Zv,....n]—>H'(X,:2)

and to describe its kernel, the key observation is that the Pontryagin classes of V',
zre zero, because as a real, oriented bundle it is f*(75>"). That is,

2(Cy = €1Cy_1 F €y a1 ) + (- 1)} =0, (3.2.2)

where of course ¢, = 0 for k > n. The polynomials on the left-hand side of (3.2.2)
are cleaily in the kernel of ¢; the trouble is that written out as polynomials in the
y; they are exactly divisible by 4. Since the generators of our kernel must be
indivisible. we might take the ideal generated by ; x these polynomials; and this
works!

3.3. Proposition. H*(X, : Z) =Z[v,-- .., Y,}/J,, where ] _ is the ideal generated by
the following n homogeneous elements:

k-1 )
Yo+ CD ¥+ 2 Y (D 1sk=ni2,

j=1

-1 _
(_1)1"’12-"2 Z (D)"%7u- nl2<l=n.

i=2l-n
Proof. The ideal J, is clearly in the kernel of ¢, so we have a map
()5 : Z[Yl’ et ,'y"]/J"_)H*(X" : Z)

which is still surjective. Hence it is enough to prove that the quotient ring on the
left, call it %, is a free Z-module of rank 2" which follows from

(@) dim; %, ®F, is 2,

(b) %,RZ(}) is a free Z(3)-module of rank 2".
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Part (a) is immediate because mod ? the generators of J, si.~viify to 7, + oy, if
j=nl2, yf if j > n/2, and then a simple dimension count gives the dimension as
2",

For part (p) cons' .7 the polynomial ring A = Z[x,,...,x,] in indeterminates
X,,...,x, and the subring B=~Z[o,,...,0,] of all symmetric functlona m
Xi,....x,. Let ¢,..., ¢, be the elem\.ntary symmetric {unctions in x],...,x;.
The ring

C, . =Zo,.....0.}/(¢s....9,)
is additively a free Z-module of rank 2" as one reaclily veriies' by identifying it
with H*(Sp(n)/U(n) : Z). There is an obvious rin; h"omomorphism ¢ : C,— ¥,
taking o, to 2y, and ¢ ® Z( 3 ) is clearly surjective. Since the Z-rank of %, is =2",
it follows that ¢y ® Z(1) is an isomorphism, proving (b). O

Let m=[(n+1)/2)] so that 2m — 1 is the largest odd integer =<n; and for
ke{l,...,m} define

a, = min{2?|2°k - 1)>n} .

3.3.1. Corollary.

m

HYX,:F,)= ®|F[%, JEE), <j=m. O

Proposition 3.3 gives the cohomology of the flag variety at oue stroke. Fix. a
maximal torus 7' C SO(m) and let T C Spin(m) be its double cover. Then

F(m) =Spin(m)/T =SO(m)/T’' .

For m=2n+1 (or 2n) we can take T'C U(n); this gives a fibre-bundle
Un)/T'— F2n +1)— X,

and by restriction
Un)/IT'— FQ2nr)— Y,

which are the complex flag bundles of V', — X, and V| — Y, respectively. Hence
by the Leray—Hirsch theorem on Chern classes we have the following:

" One can give a slightly longer proof by ‘pure algebra’.
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3.4. Proposition.
H*(F2n+1):2Z)= Zle,,....e,.v.. ... %10, — 27, 1)
and
H*(F(2n):Z)=Ze,.....e,. ¥+ Y. 1/(e, - 2v,.0,.J,).
where e, ..., e, are the Chern classes of the tautological tine bundles sver the flug
varieties and o is the jth elementary symmetric function in e|. ... .e. . the relation
o, =0 in the second ring reflecting the isomorphism V=V, _ &®C. 0O
Notice that an integral basis for H*(F(2n + 1) : Z) = H*(F(2n) . Z) is giver by
{vi-eso .. e,} which corresponds ic the weight lattice of T; whereas
{e.,....e,) only spans the lattice ior T".
3.4.1. Corollary.
H*(F2n+1):F.)=H*Ux)/T":F,)@H*(X, : F,)
and s'milar'y for H*(F2n):F,). O

V/¢ now introduce the so-called Chow rings of Spin(m) and SO(m). For any
coefficient ring R and any compact group G with maximal torus T the differential

dy':H'(T:R)— H(G/T: R)
in the R-spectral sequence of the bundle T— G— G/T definss

A*(G : R)= H*(GIT : R)/(ideal generated by Im d%') .
Th:s is the ‘Chow ring of G (with R coefficients)’ and it acquires this name from
the result of Grothendieck cited above. Note that since H*(G/T : Z) is a free
Z-module we have A*(G: R)= AYNG:Z)Q; R.

3.5. Proposition.

AX(Spin(2n + 1): Z) = H*(X, : Z)/ (%2 2%2+ - - - - 2%,)

=Z[y;,- - - ';’:,'—1 ----- ‘}.l.'!mvl]/(fg;—l)
where a;, m are as in Corollary 3.3.1.

Proof. The second description follows from the first as in 3.3.1. because in
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positive degrees A*(Spin(2n +1):Z) is an F,-vector space by the first descrip-
tion. Now the composite

H*(X,:Z)— H*(F(2n + 1) : Z)— A*(Spin(2n + 1: Z))

is surjective by Proposition 3.4 and the fact that Spii{2# + 1) is 2-connected, so
that the ideal generated by Im d3" is (¥, €,, ..., €,). Under the usual operation
of the Weyl group W on H*(F(2n +1): Z), H*(X, : Z) is precisely the subring
invariant under the symmetric group S, C W, as we see from Proposition 3.4.
Hence

H*(Xn : Z)n(YI’ eZ’ e ’en) = (Yl’ 0-29 .. 90;1) = (71’2y2a- . ,2‘)',,)
giving the desired assertion. [
3.5.1. Corollary.

A*(Spin(2n +1): F;)=H*(X, : F,)/(n)
zﬂ:zh—’s’---v';'zm—lll(')’g—l)- O

In the same way we can calculate A*(Spin(2r)) and A*{SO(m)). We state the
results without proof.

3.6. Proposition.
(a) A*(Spin(2n): Z)= H*(X,_ - Z)/ (¥, 2955« -+ 2% 1)
(b) A*SO@EZn+1):Z)y=H*X,: Z)/2v,,...,2%,).
(c) A*(SO(2n):Z)=H*(X,_, : Z)/2v;s.-.»27,_,) . a

Notice that A*(SO2n+1):2Z)=H"(X,:F,) and similarly for
A" (SO(2n) : Z); that is, except for the factor Z in degree 0, the integral Chow
ring for SO(2n + 1) (respectively SO(2n)) is the same as the mod 2 cohomology
of X, (respectively X _,). As we shall need the Chow rings of Spin(2x + 1) and
SO(2n +1) in the subsequent sections, we use the abbreviations A} (R)=
A*(Spin(2n +1): R) and A, *(R) = A*(SO(2n + 1) : R).

Finally, we make some remarks on the cohomology of X, = Spin(2n + 1}/
SU(n) which arises from the lift of SU(n)— U(n)— SO(2n + 1) to Spin(2n + 1).
The principal circle-bundle

ol ’
S =X, — X,

has Euler class y, because X, is 3-connected. Define
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L,'R)y={y€EH"(X,:R)|y,  y=0}.
Then the Gysin sequence of the S'-bundle above gives

J7ES (X! :R)= IZk(R)
H*(X,:R)=H*(X,: R)I(y,).

(3.6.1)

because H**Y(X,: R)=0. For R=F, we obtain the following more explicit
description from Corollary 3.3.1.

3.7. Proposition. There is a unique element x € H*"'(X!:F,) such that
H*(X, :F,) is a free module over A} (F,) on 1 and x.

Proof. From (3.6.1) and Corollary 3.3.1 we see that

L(F)=(77"HA(F),
AL (Fy)=HY(X, : F;)/(1)

and then the result follows by defining x € H**~'(X! :F,) to be the element
which maps to ¥ ' € I*(F,). O

The rmg structure of H*(X,:F,) will thus be determincd by specifying
x’€ AX(F,). In fact, we shall describe Sq'(x) for all i, which are needed for the
A(2)- module H*(Spin(2n + 1) : F,) (Section 5). Sq'(x) for i =2 is given below;
Sq'(x) will be calculated in Lemma 5.4.3 by comparing x with the reduction of an
integral class which comes from the element ¢, of Proposition 4.5.

3.8. Proposition. Sq'(x) =0 for i =2.

Proof. First suppose i is even; then Sq'(x) € H°*(X_ : F,) which injects under
the Gysin coboundary into F*(X, :F,). Using the Thom isomorphism and the
commutation of Sq’ with coboundaries it is enough to check that Sq’(y{"')=0
for j = 1, which follows from the Cartan formula. If i =2j + 1 =3, then the Adem

relation Sq” ' = Sq'Sq”¥ reduces the assertion to the previous case. [
In particular, we have x° =0.

3.8.1. Corollary. H*(X, :F,)= A7 (F,)® Ag (x). [
We end with some miscellaneous remarks.

3.9.1. For 1 =n, <n, the inclusion X, — X, is an isomosphism on H(?:R),
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hence there is also an inclusion of principal circle-bundles, X ,',l - X ,',2. If there is
no power of 2 between n, and #n,, then the height of y, in H*(X,, : F,) is the same
as in H*(X,, : F,) so the element x for X ,',2 restricts to . for X"n'

3.9.2. The isomorphism X,_,=Y, of (3.1) lifts to an isomorphism of the
corresponding circle-bundles

X, _, =Y. =Spin(2n)/SU(n)

and hence the class x for Y| is the same as that for X,_,. This will be used in
comparing the mod 2 cohomology rings of Spin(2# — 1) and Spin(2n) (see Propo-
sitions 5.4 and 6.2).

3.9.3. For n =5, x is not the reduction of a class in H**' (X : Z). This can be
seen as follows. From H°*(X | : Z) = I*(Z) (with a shift) and the Hard Lefschetz
theorem applied to the Hodge manifold X, we obtain that /, (Q) =0 below the
middle dimension. Hence the coboundary H* (X : F,)— Tor(H** (X : Z), F,)
is an isomorphism for 2k — 1 < (n® + n)/2. Our formula for Sq'(x) together with
Corollary 3.8.1 will imply the rather subtle fact that the 2-torsion subgroup of
H**(X! : Z) is cyclic of order 2 if n #2° and of order =4 otherwise.

4. The E,-term of the spectral sequence for &,
We will describe the bigraded algebra E;°* (&, : Z) for
¢, : T—Spin(2n +1)— F(2n + 1) =Spin(2n + 1)/T

and use the description to show that E;(¢,: Z) = E.(&, : Z). In the next section
we will ‘disentangle’ the filtration to compute H*(Spin(2n+1):Z) from
E_(&,: Z). The corresponding calculations in the even case are quite similar and
will be briefly indicated from time to time as necessary.

Of course, the algebras E;(&,:Z(3)) and E,(&,:F,) are much simpler to
calculate, and will be done first. They will then be compared with E;(£, : Z) by
means of the following ‘universal coefficient formula’ for E,(¢,). For any
compact connected lie group G with maximal torus 7, and any coefficient ring R,

the differential d5 in E, of
T-G—GIT

is ‘universally’ specified, so that d5 = d2® R. Since E,(R) is free we obtain

0— Ey(G:Z)®R— E,(G : R)=>Tor(E;(G : Z), R)— 0
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where & has bidegree (2, —1). Using the isomorphism d4\': H'(T:Z)—
H(F2Qn+1):2) (Spm(?n+ 1) is 2-connected) we fix for once and for all,
elements ¢, ¢,,...,1, € H'(T : Z) such that

d,(18N=y0®1, d,(1®1)=¢,®1, 1=<i=n.

Then {t,t,,...,t,} is a Z-basis for H'(T:Z), {t,,....,1,) spans the image
H(T':Z)— H'(T :Z) (T'CSO(2n + 1)) and

4.1. Proposition. If 2 is invertible in R, then

Ey(£,:R)=A3(dy.....0,).  bidegree()=(4j~2,1)

and hence
Ey(§,: R)=E.(&,: R)=H*(Spin(2n +1): R} .

Proof. This is of course known, but the same proof is required again, and is short
enough to give.
Combining Corollary 3.3.1 and Proposition 3.4 with the hypothesis that { € R,

H*(F2n+1):R)=Rle,,....e,]1/(¢),....¢,)

where ¢, = jth elementary symmetric function in e:,...,e.. Hence the cochain
complex (E,(£, : R), dY) is a Koszul complex whose deﬁnmg ideal of relatlons is
generated by the regular sequence {¢,,...,¢,}. Therefore (see [9]),
cohomology is an exterior algebra on n generators of degree (deg ¢;) —1=4j — 1.
In fact, Tate’s construction [9] implies that the fibre-degree of each generator is 1,
which gives E; = E, and then since char R #2, the last isomorphism. [

An entirely similar argument works for Spin(2n).

4.1.1. Corollary. The torsion ideal of E,(&,: Z) has order a power of 2, and the
Z-rank of E;(¢,:Z) is2". O

We will now construct d,-cocycles ¢, € E;"_Z"(f,, :Z) which generate an
exterior subalgebra of E,(¢,:Z) mapping isomorphically onto the free part of
E.(&,:Z). This is one of the main tools of this paper. To give the formulac we
need some algebraic preliminaries.

Let o,,..., 0, be the elementary symmetric functions in e, .... e, and ¢
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o, (i) = kth elementary symmetric functionin {e,,,,...,e,}

*Ta

so that o,({) =0 if k> n — i. Then we have
o ()=o(i+1)+o_ (i +1)e,, (4.1.2)

and these identities have the following consequences. In the (acyclic) Koszul
complex

K=A;(t),...,1,)®Z]e,,....e,],
d,®1)=1Qe,, d(1®e;)=0
define the elements

n

7k=2 ti®ao(j) 1=k=n.

j=1
Then
(a) dr,=1Q®g, inK*, i
(b) T, =t 1, Qe e

These formulae persist in suitable quotients of K* and they imply the follcwing
proposition for the bundle

v,: T'- Un)—Un)/T',

n

where T' C U(n) is a maximal torus:

4.2. Proposition. 7,...,7, are d,-cocycles in E,(v, : Z) and generate the exterior
algebra E,(v,:Z)=E_(v,: Z).

Proof. Let H*(U(n)/T :Z)=Z]e,,...,e,)/(0y,...0,). It is well known that
e,e; - er ' =[U(n)/T]. Then (4.1.3(b)) together with 1.6 implies that the
exterior algebra generated by {7,,...,7,} is a summand of E,(y,:Z). On the
other hand, E;(y,:Z) is a free rank 2"—in fact, exterior—by the analogue of
Proposition 4.1. Thus E;(v, : Z) is generated by elements of fibre-degree 1 which
gives the collapsing. [

Note that E5%(w,:Z)=0 if p is odd, and the same is therefoie true of
EZ*(v,:Z). This implies that (see Lemma 5.2) Eik‘l(vn : 7)o H* Y(U(n) : Z)
and under this injection the elements 7, go into elements which transgress to ¢,
(the universal Chern classes).
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Returning to Spin(2n +1), we wish to construct elements 6,,...,6, €
E,(&,:Z) in analogy with the 7; above, whose d,-images are the generating
polynomials of the ideal J,. We start out with something slightly weaker; namely,
by constructing 6, so that

d,(6,) = 2(ith generatorof J, ) .

That is, multiplying the generators of J, by 2, we obtain

. j—l .
o, + ("1)’0}7; + Zx (_l)la-i(’_ZI—i

with o, =0 if k> n. The clements 7; can be defined in E,(¢, : Z) also; hence
letting

) s—1 X
0=n s Uy B oy i=j=niz,

(4.2.1)

s j-.l .
6=0-1'ry+ > (—Do;my, nl2<j=n,

i=2j—-n

we have the following proposition:

4.3. Proposition. (a) d,8,=0in E,(¢,:7).
(b) 66, = —06,6, and so 6; =0 in E,(§,:Z).
@ OGA-AG=%(1,A " AT)RY "y,

Proof. (a) follows from construction and (b) from the fact that the total degree of
6, is 4j ~ 1. For (c) we first remark that in H*(X,, : Z) we have the identity

')’1371:4-1 oy, =0 (4.3.1)

which is proved by descending induction on k, starting with y> = 0 and noting that
y: is in the ideal (y,,;,...,%) in H*(X,:Z). Now we calculate 6,, 6, A
6,_,,- .., etc. inductively. If k > n/2, then the leading term of 6, is =7, , and one

easily checks from (4.3.1) that it is the only one which contributes to the product
6,---6.1fk=n/2,

0 = T T TV mOd('Yk-:-l, vees ’Yn)

and since 7,, and ¥,,,,...,Y, already occur in the product 6, A - A 6, the
only term which contributes to the wedge product is £7,v,. [0

Using Corollary 3.2.1 and (4.1.3) we obtain the following corollary:
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4.3.2. Corollary. 6, A--- A B, =%, A+ A, ®[F2n+1)]. O
Now
A AL, =N A AL =2[T|EHYT: Z)
so to obtain [T]®[F(2n + 1)] over Z we must modify the 6,. Since
T =i E®1=2®1 inEy§,:2),
1
we have
6,=7,—-2tQ1.

We will now successively modify the elements 6, j = 2% = n so that the last one 9!
(s =2"=n<2%"") is divisible by 2. Put

6;=01, 9;.':021—051’—1(‘)'21') I=i=a
and for j#2, 9 = 6.
4.4. Proposition. 0, A~~~ A0, =6, A--- A8, and 0, is divisible by 2.

n

Proof. The first assertion is clear and the second follows from

6=7, mod2, O=7,+7y mod2 for2=<j=n/2,

6;=77v, mod2 forn/2<j=n. O

i

Define elements ¢,,..., ¢, € E,(§,:Z) by

#,=0/ =9 ifj*2,
=0, if j=2'<2%=5, (4.4.1)
U, = 36,

Then the ¢, are clearly d,-closed and by Propositions 4.3 and 4.4,
A AP, =t t, Q[F2n+1)]=[T|Q[F(2rn +1)].
Let €, be the subalgebra of E,(¢£, : Z) generated by {1, ¢,,...,¥,}.

4.5. Proposition. &€, is an exterior algebra on ¢,,...,y, which is an additive
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summand in E,(£, : Z) and which injects into E.(§, : Z). In fact, € = free part of
E\(¢,: 7).

Proof. The last statement follows from Corollary 4.1.1 and the first sentence of
the proposition. The claims in the first sentence are all of the following type: using
an obvious multi-index notation, ‘if

> a4, =0 (mod p ormod d,(E,)) ,

then each a, =0 (mod p or over Z)'. They are all proved in the same way. If
sume a, #0 (mod p or over Z), then choosing the complementary index set I’ and
multiplying thc above equation by ,, one gets

a,[TI®[F(2n +1)]=0 (mod p ormod d-(E,)),

which is impossible.

Now & is contained in the d,-cocycles, and by the argument above intersects
the d,-coboundaries in 0, hence it injects into E,( &, : Z) and since it is a retract of
E,(¢,:Z) it is a summand of Ey(é,:Z), of rank 2". O

For Spin(2n + 2), the corresponding assertion holds with ¢,.. ., ¥, (given by
the same formulae) and 7, as generators (see Propositions 4.2 and 3.5).

The following result is given in [4]; but we need a more explicit version which
gives cocycle representatives for the generators.

4.6. Proposition.

EF*(&,:F)= A (py....p, )@ A(®F] )@ AX(E,)

~n

where bidegree p; = (2j — 2, 1). Since E; *(¢&,:F,) is generated by elements of
fibre degree <1, d, =0 for r=3 and E,(§,:F,)=E.(§,:F>).

Proof. From Corollary 3.4.1, using Corollaries 3.3.1 and 3.5.1 we see that
E,(&,:F,) decomposes as the tensor-product of three (bigraded) cochain com-
plexes:

AX(F,) withd,=0,

By = AM()®F[n]/(¥") withdy ()=, .

CH=A*(ty... 1) H*Un)/T':Fy) withdy(1,) =e,.

The cohomology algebras of the first two complexes give the last two factors in
the assertion. The cohomology of C is exterior on n — 1 generators by the
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argument of Proposition 4.1 and cocycle representatives in E, are given by the
formulae

b= 2 1@ (@10 =~ o, (1)

They satisfy the anaicgue of Proposition 4.2; indeed, for 2=j=n

2a

7= p = (z ,i)®gj_,(1) =2®a;_,(1)

so that (4.1.3(b)) proves the claim. O
A similar computation works for the [F, spectral sequence of
T— Spin(2n + 2)— F(2n +2)

with an extra exterior factor A*(7,,,) tagging along from E, onwarcs. The
appearance of the cohomology of SU(n) in the proof above is not just an
algebraic happenstance. The mod2 spectral sequence of SU(n)— Spin{2n +
1)— X, degenerates at E, (as is easily checked) and we will use this fact in
Section 5. The equations

T,=p mod2 2=j=n

enable one to write down the mod 2 reductions ,. First

1= P
6, =p+py 2=<k=ni2, (4.6.1)
0, = p.7: nl2<k=n.

Hence if j # 2/,

W =py;tpy, 2=j=nl/2,

_ (4.6.2)
W =py; nl2=sj=n,

while if j=2'<2" =3,
%= p,, . (4.6.3)

The mod 2 reduction of ¢, takes some further work as its definition involves a
division by 2. So we work mod4 and then ‘pull-back’ the result under the
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injection F,— Z/4. First of all, 7,6,=0 mod4 because 7, =2t. Hence in the

expression for 6 ( j=2"), we can drop the 7,-term. Secondly, an elementary
induction shows that since

s—1 _
03 =T + 2 (_1)1750-25—1

2s—n

and each of the o,,_, has an index >s

W)= U(E) + S (1)nos_,

25s—n

where the expression in quotes is formally the same as we would obtain in
E,(&,:Z/4). So it is enough to do the calculation of ¢,(£,).

Again elementary inductive computations (induction on 2') give

(@) ¢,(&,) has ‘leading-term’ =t Q vy, v, -, .

(b) the difference

(&) FQy 7. =M., (4.6.4)

where the expression in parentheses will become d,-closed in E,( ¢, : F,), because
d,t; = 0;= 0 mod 2. Now working in F,,

— —2f
i =Y

$o
PEY=1®F] T+ (MY (a,=2%)

and therefore the last summand is exact mod 2:

M7 ) =71

Thus modulo exact terms in E,(¢ : F,) we have

U (£)=1®77 7",
(4.6.5)

s—1
G=1@F 7+ X oy
2s—n
Note that for n < 8 there is no second term in (4.6.5); and for any n we can use ¥,
instead of t® 791" as a generator of E,(&,: F,).
Using Proposition 4.6 and the universal-coefficient formula from the beginning
of the section,

0— Ey(&, : Z)®F,— Ey(&, : F,) > Tor(Ey(£, : Z) : F,)—0,
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we can analyze the torsion ideal 7, = torsion elements of E7 (&, : Z). First
consider the rank of T,. For any finitely-generated abelian group [ put

ro{l)= dimQ(F®®) . rp(I") = dimFP(F®[F,,) —rI).
Define «, by

a,=2%,
a; as in Section 3.

4.7. Proposition. r,(T,)=0 for p>2, ry(T,)=2"""(2""*' = 1), s0 that T,, =0 for
n=1,2.

Proof. The first assertion is simply that E,(£, : Z)®Z(3) is free and the second
follows from Propositions 4.1 and 4.6. ]

Next, we prove that 7, is a group of exponent 2 by using a ‘formal’ Bockstein
argument. In the universal-coefficient exact sequence above, if we follow the map
& by reduction mod 2, and show that the composite 6 satisfies

dimg,(Im ) = r(T,,) ,

then we will have proved that 2T, = 0.
From the interpretation of 8 as a coboundary, it follows that

g: E;&,*(fn : IFZ)—eE;’*(fn : [FZ)

is a derivation of a bidegree (2, —1j and 8> =0. Moreover, & is given on the
generators by
(a) 8(y;) =0 because v, has fibre degree 0.

(b) If k=2, 0=i<a, 8(p,,)=38(,)=0 because ¢, is the reduction of an
integral class.

() Similarly, 8(,) = 0.
(d) If k#2', 6(p;) =17, since 7, is an integral cochain mapping to p,. For
computational purposes we rewrite (d) as:
(d') Put k =2%2j—1), j=2. Then
- _2;,
o(p,) = Yai-1 -
4.8. Proposition. dim; (Im 8)=2""%2""""-1),502-T,=0.

Proof. We know dimg (E,(¢€, : F,)) from Proposition 4.6, so it is equivalent to
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prove that
dim; H(E,(F,),5)=2".
For i = j=m =[(n + 1)/2] define subalgebras of E,(£, : F,) as follows.

Sl = A*(pz, p4, s ey p201_|)

and for 2=j=m

— *
Si=A (p(zj—l)’ Pazj-1yr -5 P ot

2 (2]_

J®EIE,1(75-)
and note that (using (4.6.5))
E(e F)=QS@AW),  HS)CS.  §0)=0
whence
H(E,, §) = ]gé H(S;, 8)® A*(ih,)
and then our claim amounts to the following:
4.8.1. Lemma. dim H(S,8)=2% 1<j=m.
Proof. From the explicit formulae for & on the generators, (b) gives H(S,.8) =S,
which has the required dimension. The remaining assertions are all special cases
of the fellowing paradigm example which will play a basic role hereafter. Define a
DGA :
S= A;‘z(yo, s Y1) ® [Fz[x]/(le) ,
where the degrees of the elements are so arranged that the map 9 : S— § given by
ay)=x", ax)=0

and extended to S as a derivation has degree 1. Then the assertions of the lemma
amount to the statement that dim;_H(S, 3) = 2". There is a d-stable filtration of 5
by ideals

F'S=A*(yg,-.» Y- )®E), 0=r=t-1.

We will show that dim;, H(S/F'S, 9) =2', independent of r. We first make an
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explicit caiculaiion to show dim, H(S/F ’S, 3) = 2", Define
25 .
N =YV, ®x", 0=sj=r-1.

These elements, together with y,, r=i=¢—1 are closed in S/F'S and of square
0; and

2r—:
MA AN AY, ALY S YA Ay B

which is the ‘fundamental class’ in S/F'S, whence by the argument of 1.6, the
exterior algebra generated by %, ... sM,_15 ¥,s-- - » ¥, injects into H(S/F'S, 9),
giving the lower bournd.

The uprcr bound is achieved inductively, using the fact that in

0— F'SIF*'S—> SIF*'S—> SIFS—0 (4.8.2)
the two end-complexes are isomorphic with a shift in degree. [

The proof gives an explicit description of the d-closed elements in §, and thence
(by change of notation) of the 8-closed elements in S;.

4.8.3. Corollary. The d-closed subalgebra of S has dimension 2'~'(2 + 1), and is
generated by the set {ny,...,m,_,, x>, 0=r=2'-1}. O

We can now prove the conjecture of Kac [4], mentioned in the Introduction.
4.9. Proposition. E;(¢,:Z)=E_(¢&,:4£). O

Proof. d,(€,)=0 for r=3 because the generators of &, have fibre-degree 1.
Since &, is a retract of E,(£, : Z) it follows that it is a retract of every E, (£, : Z).
Also, a differential d, can be nonzero only on the torsion subgroup 7(r) of
E,(&,: 7). Thus there is a spectral sequence (7(r), d,) for r=3, of the torsion
subgroups. Since 7(3) = T, has exponent 2, the same is true of every 7(r), and,
therefore, 1.4 and the inequality

dim;, () = dim;, 7(3) = dim, T,

will prove d, =0 for r=3.

The right-hand side of this inequality was computed in Proposition 4.7. The
left-hand side is r,(E.(£, : Z)) which by general nonsense is =r,(H*(Spin(2n +
1) : Z)). This last integer was deterr.‘ned in Borel [3, formula (14.11)] and agrees

with our value for the right-hand side. The case of Spin(2n) is similar: for SO, see
73. O
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We row exhibit generators for E_(¢£, :Z). First of all, the subalgebra & C
Ey(Z) = E.(Z), and the Chow ring A} (Z) which is isomorphic to E}°(¢, : Z)
give under the product map

p:E;®A > E(D)®E(Z)~E(§,:2),

r(8, @1)=freepartof E.(£,:2), wn(€; QA (D)CT,.
(4.9.1)

One caa check dlrectly that for n =4 the second inclusion is an equality but for
n=5, it is proper’ despite a count on the 2-ranks because there are many
relations.

To get at what is missing in T, for n=5 we define the ‘Bockstein’ module
B,C T, as follows. As always, let m =[(n +1)/2] = 3.

Defirition 4.10. For every subset JC{2,3,...,m} consisting of at least two
elements, define

B,=3d (l:[ Pz;—:)

and B, = Z — span of 1,8, (over all admissible 7).
The map & : } ., A?(p,4e) = B, is an isomorphism of abelian groups, as one
easily checks by reducticn mod 2.

Proposition 4.11. E_(£,:2)=pu(€; @ AX(2))- B .

Proof. Since p: €, ®1— E_(£,:Z) is an isomorphisi onto the free part, it is
equivalent to prove thet T Iz generated by u(€,; ® A, )-linear combinations of
B,. Now 8 : E_(§,:F,}— T, is surjective and using (4.6.5) we can write

E.(&:F)=4"(8)® A (F)®A*(p,.. ... p,) -

Since & is zero on the first two factors, it suffices to show that for any subset
I1C{2,...,n}8(p,) lies in p(€ ® A*(Z))- B} . (Here p, =11, p..) In fact, using
(4.6.2) and (4.6.3) we see that the product p, in E, (£,:F,) is itself a linear
combination of products p,; - - - p,; _, with coefficients in p(% *®AX(F,)). O

There are of course many relations among the generators {¢,, v;, Bx}; and we
enumerate them now as they will be required in Section 5 to prove the
completeness of the corresponding set of relations for H*(Spin(2n +1):Z).
Although the subspaces of E_(£,) which occur below are all bigraded, this is not
always essential and so we shall ignore the bigrading when convenient.

* See ihe remark after Proposition 4.13.
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First, consider relations among {4, v, }; that is, the kernel of the map p. Since
1 ®Z(1) is an isomorphism, it is essentially equivalent to describe the kernel of
the mod 2 reduction

II : %:®A:(F2)_9Ex(§n : IF2) -

Recall from Proposition 4.8 that we can decompose E_(§,:F,)=
7 S,-®A*(J;s). Similarly we can decompose the domain as QY @, where
@, =A*(Yy,...,¢,),and for2=j=m

B, = A* (P10 Baziorys -+ -5 U ) OF 1y 1 (T-1) »
sj=s“f'_l(2j— 1).

Then g =Q®7 i, where g, : &, — 5, @ A*(4,) is an isomorphism. Thus it is
sufficient to describe each Ker g;, 2=<j=m and for this we can revert to the
paradigm case of Lemma 4.8.1 to describe the kernel of the multiplication map

i A*(ng, - - - ,nt_l)®u":2[x]/(x2’)——> S.

For convenience, put k,=2"—1, k. =k _, -2, 1<r=t—1.
p 0 r—1

r

Proposition 4.12. The kernel of p is the principal ideal (w), where

r—1
0= n8x".

r=1

Proof. j(w)=x"(y, +xy,)+ x*(y, + x’y,)+ -+ which telescopes to zero.
Now from Corollary 4.8.3 the image of u is precise!v the subalgebra of d-closed
elements, which has dimension 2°7'(2"+1). Henc: it is enough to establish
dim; (0)=2"'(2"--1).

When ¢ = 1, this is trivial and for ¢ = 2 one proves tiiat @ times the monomials in
A*(gs . am,_) O NZ 2 x" are linearly independent over F,, giving the desired
lower bound. O

By change of notation we obtain Ker p. For a fixed j€{2,3,...,m} put
koy=2%—1,ky=k,_, ;-2 1=i=a;~landl;=2/(j—1),0=i=a—1.

Proposition 4.13. Ker u is generated by the m — 1 elements
al»—l
W= 2, ‘!’l,,®17§}7_1, 2=j=m. O
i=0

As soon as there are at least two odd integers <n—i.e., n=5—we have
Im p # E_(&,:Z). Here is an example:
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Example. For n =35, the group T3 has 2-rank = 16(2° — 1) = 48 whereas the
domain has 2-rank = 32 -3 = 96. But consider the ideal generated by w, = ¢, ® ¥,,
@, = P ® 7,; it is a free module over ¥, = A*(,, ¥, ¥,) generated by the seven
elements ,, @;, ©,%s, Ys0,, Ys0,%, ©;7, and ¢, w, (because P, % = P, w,0,).
Hence the image of p has 2-rank 40. The eight missing elements are precisely

Ay, Uy, ) Basy- O

Put $**=Im u C E.(§,: Z). We will now analyze the &* *-linear relations
among the B,. To this end we record a mild extension of Proposition 4.13,
namely, the kernel of the multiplication map

pi€r@AN(F,)®A(pyga)— EL(E,:F,). (4.13.1)

As before we decompose the range into ®'' S, ® A*(y,) and the domain as ®)' ¥,
where

H=, F =08 A% (pyy) 2=j=m.
Then p' =®T p, u) = u, is an isomorphism and each u’ is surjective (from the

last paragraph in the proof of Proposition 4.11). We are again reduced to our
paradigm example, to compute the kernel of the surjection

R AT (ye) @A (ng, - - ,17,_1)®ﬂ:2[x]/(x2f)—>s .
Define

t—1
£=23 7,®x " +y,@x"

r=0

where the k,’s are as in Proposition 4.12. Courting dimensions and noting that
{x = w it follows easily that Ker i’ = (¢). Hence in the notation above we have
the following proposition:

Proposition 4.14. The kernel of u' is generated by the m — 1 elements
-1 -
{,-=E ll’1,i®')—’§,'j——1l+7_"zl§:1®pzj—1 2=j=m. O
i=0
To describe the kernel of

v:$*@BX>E.(¢,:2) (4.14.1)

it is useful to write ¢’ =image of {; in " ® A*(p,qq) SO that {; =s,._®1+ 5
where ¢ = 75| ® p,;_,. Notice that #({}) in E,(&, : F,) is the reduction of an
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integral class, and the fact that »({;) =0 gives a formula for »({ ;-') as an element
of ¥*.

The restriction of » to $*®1 is injective by definition; and, therefore, every
element of Kerv is determined by its projection to ¥*® B, . Since
8:Y a2 A%(Posa) > B, is an isomorphism (see Definition 4.10) consider the
following diagram:

F*® 2 A%(Poaa) 1?3 >»$*® B,

p=2
“"1 ‘[" (4.14.2)
0—>E_(&,:Z)QF,— E (&, :F,)—Tor(E_(¢,:2),F,)—0

where ,: "= restriction of u’ and in the last vertical we have identified Tor{ 4, F,)
with the subgroup of element of order 2 in A. Thus we have to compute
n"(E.(&,: T)OF,).

Proposition 4.15. As a module over ¥* the image of w" is generated by B,, |I| = 3

Proof. Clearly Im " lies in the intersection of };,.., (E***(&,:Z)®F,) and the
ideal E_(¢,:F,) generated by A*(p,,,)- Now as a module over #* the space
Yip=2 EX?(§,:Z)®F, is generated by elements of two types: B, with |1[ =3 or
tIJ Bk with |K|=2 (see Proposition 4.11). The second type will lie in the ideal
generated by A%(p,,,) iff j is odd and >n/2 and in this case (,b Bx=0ifjE K. If
j=2i—1>n/2is not in K, the fact that ¥7,_, = 0 implies lf’ﬁx Yai-1Bxugy- U

For the next proposition only introduce the abbreviation I' = {2i — 1|i € I} for
I1C{2,3,...,m}. (Caution: I’ will have a different meaning in Section 6.) Thus
pp = HI Pi—y-

Proposition 4.16. As a module over ¥*, p" \(E.(&,:Z)®F,) is gererated by
@ if =3, L=1-{i}, ¥. v 1®3{a
(b) if |K|=2, {;® py.

Proof. In view of Proposition 4.15 it is sufficient to observe that the #*-module
Ker " is generated by elements of type (b): because u"(type(a)) = B,. O

Proposition 4.17. As a module over #*, Ker v is generated by
@ if |1|=3, and I,=1- {i} X vaie 1®BI’
(b) ifjel, s;®pB, (see Praposztzon 4.14),
© ifj&l, s j®ﬁ,+ Y- 1®B,Um, where if I is a singleton, then B,= vy, _,.

Proof. These generators correspond under (1 8) in (4.14.2) to types (a) and (b)
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of Proposition 4.16; in fact, (a) is just a restatement of 5( 8,) = 0. Types (b) and
(c) arise according as j € K or j & K in Proposition 4.16: if j € K, then i ®pi=0
which reduces {;®p; to type (b) above, whereas if j&ZK, then (] ®p, =

aj—

72j-:®pl(u{j)’ O

For completeness we give the product relations among the ,, although they
are not needed for the proof of Proposition 5.8.

Proposition 4.18. (a) If INJ has at least two elements. then 3,8, =0.

(b) If INJT={k}, BB, = YiBro,-

© Ifini=¢,lee I={i,,...,i,} and put K, =1UJ—{i,}, 1=r=p. Then
BiB; =X\ Y Bx, - 4

It is not difficult to convince oneself that the set {1, ;, ¥;, B¢} forms a minimal
set of generators for the ring E_ (¢, : Z); we omit the proof.

S. The integral cohomology ring of Spin(2r +1)
Recall that the functor

O(X)=H*(X:Z)/Tors HX(X : Z)

evaluated on Spin(2# + 1) is an exterior algebra on n generators of degree 4j — 1,
1=j=n (see Section 2). For this section we introduce the abbreviations

H*(n:R)= H*(Spin2n+1):R), I, =Tors H*(n:Z)
so that we have an exact sequence

0—> T*> H*n:Z)>A*(y...,y,)—0 (5.1)
and we will produce generators for the ring H*(n : Z) which are compatible with
(5.1). Since 7 is (additively) of exponent 2, it injects into H*(n : [;) and we can
work out the relations among its generators by reducing mod 2, once we have a
workable description of H*(n : F,). We have already seen that 7, =0forn=1,2
(Proposition 4.7); henceforth w= shall assume n = 3.
Lemma 5.2. E*'(¢&, : R) injects into H 2k*1(n: R) and the multiplication

E*'(&,: Y E™ (&, : )= E*™(¢,: R)

is compatible with cup-product in H*(n : R}.
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Proof. E,(£,: R) is zero when the base degree is odd, and hence the same is true
of E_(én: R). Thus if F is the filtration on H*(n : R) induced from £,, then for

all p, q (¢g=2p +1)
F?"Y(H%n:R))=F*"’Hn: R).
Putting p =k, g =2k +1 we see
F2k+1H2k+l(n : R) = 0

and so E*'(¢,: R)= F*H*"'(n: R)C H*"'(n : R). The second assertion fol-
lows from the compatibility of F’ with products. O

Hence we can use 4.11 to define some generators of H*(n : Z). Put
x,€ HY '(n:Z) = theimage of y, € E¥""'(§, : Z) (5.2.1)

and

& = subalgebra generated by {1, x,....,x,} in H*(n :Z).
(For Spin(2n + 2), we also include the image of 7, E™' 7, which is ¢ (see
2.2.1) as <ne sees from (4.2.1); and then the analogues of Proposition 5.3 and
(5.2.2) go through.) Then x,x; = —x,x, for reacons of degree, so x;€J}. On the
other hand. the element .- x, maps to ¢, ---¢, in E_(§,:Z) which is a

generator of the E_-group in total deg = dim Spin(2n + 1). Hence x,---x, is a
generator of H'°?(n : Z) and so in (5.1)

qlx, X)) =y Y, (5.2.2)
whence we have the following:
Proposition 5.3. &* 5> H*(n:2Z)5A*(y,,...,y,) is surjective.
Proof. Rationally (or even over Z(})) the maps i, g are isomorphisms, so g i has
finite cokernel. Equation (5.2.2) coupled with the appropriate analogue of 1.6
shov's that the image of g°i is a retract of A*(y,,...,y,). O
Corollary 5.3.1. & ~ is the free part of H*(n: 2), and has as a Z-basis the set

{Lx, - -x [I=si<---<i,=n}. O

Coming now to the torsion ideal, set u,€ H”(n:Z) to be the image of
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7. € EZY( £:2)=A: “(Z). Since E* (¢, :2) is a sulrine of the cohomology we
know

2 . » 2 .
u; =u,, ifl=si=n/i2, u>=0 forn/?<i=n.

Finally, we will define elements v,€J, corresponding to the Bockstein
generators S, of Definition 4.10, which are specified by their mod 2 reduct ons.
For this purpose we need to give a suitable set of algebra generators of
H*(n:F,); and at the same time we will complete the description of this latter
ring as a module over (2).

Using Lemma 5.2 and the description of E, (£, : F,) in Proposition 4.6, define

2y €EH* Y(n:F,) astheimageof p,€ EX"*'(¢,:F,), 2=<i=n,

c Hzi(n :F,) : as the image of )7,- € Eii'o( &0 Fy),
where3=j=n, j#2",

z€EH* '(n:F,) astheimageof I®y%1™' € EX* >'(¢, :F,).

Proposition 5.4. (a) H*(n:F,) = 4; (z;, 2), 3=j=2n, j#2'

(b) Sq(z) ¢ )z,+,tf3<z+]<2n andt+]aé2 z<], Sq(z) 0 etherwise.

(c) Sq' (z) 0 for i=2 and Sq'(z)=0 if n=2" Sq'(2)= sz w2224 0f
n#2%
Proof. Part (a) follows from the fact that {p,, v, t® y7'~ '} form a simple system
of generators for &£,.(¢, : F,). The equations in part (b) are the same as those of
Borel [3, Theorem 12.1(c)] and they will be proved by showing that the classes z,
are the pullbacks from H*(SO(2n + 1) : F,) of elements which transgress to the
universal Stiefel-Whitney classes. Pa @ (c) will follow from (4.6.5) once we
identify z with 7*(x) where x is the element defined in 3.9.

As these assertions follow from (sometimes elaborate) diagram chases, their
proofs are deferred to the end of the section. O

For some purposes it is useful to have another generator replacing z. In (5.4.7)
we have shown

x,=z ifn=s, x,=zmod(z,,...,2,,) ifn=s+r, 1=r<s.
Corollary 5.4.4. H*(n:F,)=4; (z,, %), 3<j=2n,j#2. O
The point here is that Sq'(x,)=0 and x; =0; although of course this now
complicates Sq'(x,) for 2<i<4s—1.

The analogue of Proposition 5.4 holds for H*(Spin(2n +2): F,) with the z,
running from z, to z,,,,=7,,,, j #2". Moreover, using the isomorphism X, =
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Y.., (see 3.9.2) the exceptional generator z in H*(Spin(2n + 2) : F,) restricts to
the corresponding element in H*(n : F,) and in particular we have Sq'(z)=0in
H*(Spin(2n +2) : F,) iff n=2°

Corollary 5.4.5 The ‘obvious’ map H*(Spin(2n +1):F,)— H*(Spin(2n +
2): F,) given by z,+ z,, z+> 2z is a multiplicative splitting for the restriction map
and so

H*(Spin(2n +2):F,)=H*(Spin(2n + 1) : },) ® A*(z,,.,) . O

From the remark preceding Definition 4.10 we see that for n =<4 the ring
H*(n:Z) is generated by x,, ..., x, and u;. The new generalots v, aiise only for
n=5 and are defined as follows. Put m=[(n+1)/2] and IC{2,3,...,m} a
subset of at least rwo elements. The element v, is specified by

5,=Sq' (l;l 2ams) (5.4.0)

One checks easily that the v, map to the elements B8, € E_( £, : Z) of Definition
4.10 and hence by Proposition 4.11, H*(n:Z)=subring generated by
(8X® AX(2))-V,, where V, is the Z-span of {1,v,}.

We first compute the subring generated by €7, A*(Z). Since x? is a 2-torsion
element, it can be calculated from ff Now from Lemma 5.2 and (4.6.3) to
(4.6.5),

Ifl=j=n/2,

- Jzyyt zy 2y, ifjHE2,
i = {24;_1 T il (5.4.7)

Ifn/2<j=n,

X; =2y 425, ifj#s,

s—1

z+ Z Z3;-1245-2j

j=2s—n

xs

and of course u; = z,,.
Proposition 5.5. (a) If 1=j=<{(n+1)/4,

. i
2= Ugjy T Uy Uy, fOr | #2i ,
! Uyjo15 forj=2".

b) If(n+1)ld=j=n/2,
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Ugioy s for j= 2’
X5 =) Uy Uy for]#Z
0, forj=2".

© Ifn/2<j=n,

xi =0.

Proof. We can reduce mod 2 to check these equations, which then follow from
(5.4.7), except possibly for x, when s < n; but z* =0 by Proposition 5.4 and each
summand of (X, — z) has a factor z, with k> n, whence x> =0. O

There is a further relation among the products x;u,, which comes from
Proposition 4.13. Using the notation k,;=2%-Y;2" and [,=2'(2j—1) for
2=j=mand 0=i=gq;- 1, we have

G~
2 uzj é.sn

Proposition 5.6. The subring S* of H*(n:Z) generated by {1, x;,u,} is iso-
morphic to Z|x,,...,x,|® A} (Z) subject only to Proposition 5.5 and (5.5.1).

Proof. We only need to show that these relations (and the relations defining
A}(Z), of course) generate the full ideal of relations. So consider a polynomial
P(u;, x;) which is zero. Using Proposition 5.5 we can reduce P to an A} (Z)-linear
combination of square-free monomials in the x; and then from Corollary 5.3.1 we
see that the coefficients must in fact lie in A, (Z). Now P will give rise in
gr H*(n:Z)= E_(¢, : Z) to A (Z)-linear relations among the procucts ¢,7,, but
these have already been listed in Proposition 4.13, and they correspond precisely
to (5.5.1). O

We mentioned at the end of Section 4 that {¢,y,,_,, B,} form a minimal set of
generators for E_(£,:Z). From that statement and Proposition 5.5 we deduce
that {1, x, u,;_;, v,} form a minimal set of generators for H*(n : Z).

We now compute the S*-linear relations in V. In analogy with the discussion
preceding Proposition 4.15 define

where 2= j=<m, I, =2'(2j— 1) and k,; = 2% = },( 2". Then one has the following:

Proposition 5.7. As an S*-module, the kernel of the multiplication map
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S*Q@V,— H*(n: Z) is generated by

(@) If [l|=3, [, =1-{i}, ZluZi—l®v],-’

(b) Ifj€L, §®v,, N

©) If &1, then §,Qv,+ uy_; ®u,,;,, where for a singleton I={i}, v,=
Upi-1-

Proof. We reduce mod 2 to verify that these elements are in the kernel. For the
completeness, we can throw the brunt of the work back on Proposition 4.17 as
was done in the proof of Preposition 5.6. From a computational, ‘hands-on’
viewpoint the only difference between the generators x;, u;, v, and ¢, v, By is
that in the latter set ql:? =0, Bi =0, which is not necessarily so in the former set.
However, the generators of the former set still satisfy the analogous linear
independence statements, and this is really all that was used in the proof of
Proposition 4.17. O

All we have to do now to complete the description of the ring H*(n : Z) is to
describe the products v,v; as §*-linear combinations of v,. Here we get formulae
which are slightly different from those of Proposition 4.18. First of all, v? &
A (Z) is not zero in general: but its value is deducible from Proposition 5.8(a} or
alternatively easily described using 23,--1 = uy;_,. For index sets 1, J we give below
two product formulae which give the general formula by an obvious induction.

Proposition 5.8. (a) If K=INJ,put I'=1—- K, J'=J— K, then
vo,= (H u4k—3) Upby + (H qu—l) Uras»
K K
() If INJT =8, write [ ={i,,...,i,} and K,=[UJ ~{i,}, 1=r=p; then

p
v, =2, Ui -1Vg, -
1

Proof. We can work in H*(n : F,), and then the verifications are routine. For part
(@) z,=II, Zgiiys Z;=2p I-[Kz‘,k_3 and z,=1z, 11, Z,4-3 and then compute
Sq'(z, Il z,, ), Sq'(z, 11 Za—3). For part (b) use induction on p=|/|. O

Theorem 2. H*(Spin(2n +1):Z) is generated by {1,x,,u;,v.} subject to the
relations in Propositions 5.5 to 5.8. The free part consists of all square-free

monomials in x;; all squares lie in the Chow ring A} (Z) which is generated by
{Lu} O

He~= is an illustration of the theorem for Spin(11).
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Example. n =35 for Spin(11) and so the free part of /7*(Spin(11) : Z) is generated
by the square- -free monomials inxg,...,xs5;deg x;, = 4j — 1. From Proposition 5.5
we have x} = u,, and x; =0 for i =2. The Chow ring is A* (5. us) with 2u, = 0.
The only Bockstein element is v in degree 15, v =z.z,+ 252,,.

The relations from Proposition 5.6 are x,u; =0, x,u; =0. The relations from
Proposition 5.7 are only of types (b), (c) because m = 3; and they are x,v =0 for
type (¢ and usv + u;x;, u;v + usx, for type (c). From Proposition 5.8, v* =0.
Thus, using x> = u, and u5 =0

H*(Spin(11) : Z) = Z[x,)/(x}) ® As (x5, . . ., X3 U= V)
modulo the ideal
(2us, 20, X3X7, Xsls, X4,0, XsU, UD + Xixs, X0 + UsXy) .

We now complete the proof of Proposition 5.4 in the following three lemmas,
the first of which establishes the analogue of Proposition 5.4(a) and (b) for the
group SO(2n +1). From 7.2 we see that E_(¢, :F,) satisfies the analogue of
Lemma 5.2 and hence there are elements

h,,_,=Imageofr,€ EZ"*'(&¢) :F,) > H* '(SOQ2n +1):F,),
h,,= Imageof¥ € EZ°C H¥(SO(2n+1):F,).

Lemma 5.4.1. () H*(SO(2n+1):F,) = A;‘ (hyse-eshy),
(b) Sq' (h) (Dhif1=i+j=2n,Sq (h) 0, otherwise.

Proof. Part (a) is clear since {7;,¥;} forms a simple set of generators for
E.(£,:F,). From the Borel transgression theorem and the Wu formulae the
elements g, € H'(SO(2n + 1) : F,) which transgress to the universal Stiefel-Whit-
ney classes satisfy (b). We will show that g, =h,, 1=i=2n.

First of all, courting dimensions over [, using part (a), 1.4 implies that the
mod 2 spectral sequence of

SO(2n — 1)->S02n + 1) 3 V(n) = V(n,2)

collapses at E,. Since H*(V(n):F,)= A*(v,,_,.V,,) it follows that h, =g, if
i*(h))=1i*(g;), 1=j=2n-2, and h, = 7*(v,) if *=2n~1. 2n. Proceeding
inductively, it is only necess+iy to verify the assertion for n =1 and to prove
h,=7*(v,), k=2n-1,2n.

Now for n =1 the nonzero groups in H*(SO(3) : F,) are all 1-dimensional, so
h,=g, 1=i=2. Assuming the result for n — 1, consider the diagram
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Un-1)—-S02n-1)—- X, _,
d

l l
U(n)—SO(2n +1)— X,
{ ! l
SZn—l V(n) S2n

Now v,, _, restricts to a generator of H *(§*"~' . F,) which pulls back to 7, (see
comment following Proposition 4.2) and v,, comes from [$*"] which pulls up to v,
by definition. The rest follows. []

The first Stiefel-Whitney class of the Z/2-bundle p : Spin(2n + 1) SO(2n +
1) is h,, so from the mod 2 Gysin sequence

Im(p*)=H*(SOQ2n +1):F,)/(h,).
Since k? = h,,, for j=n (see Lemma 5.4.1(b)) we have the following:
Lemma 5.4.2. p*(h,)=0if j=2;p*(h;)=z,,3=<j=2n, j#2"
Proof. There is a map of bundles p : ¢, — &, which is the identity on the base,

and the given double covering on the fibie and total space. From the explicit
constructions of Proposition 4.6 and 7.2,

PP E(&,:F)—>E(§,:Fy)
is given by

p*(m)=p*(n)=0, p*G@=p;, P*(W)=v,, 2=j=n,
from which the result foliows by 5.2. [J

Recall the map Spin(2n +1)->X, of Section 3 and the element x€
H**"!(X! :F,) of Proposition 3.7.

Lemma 5.4.3. 7*(x) =z and Sq'(z) = Y.ZyZ4g0jr 25— N F 2% =2~

Proof. The d,-cocycle t® ¥{'~' € E,(¢, : F,) can also be defined in the E,-term
of the spectral sequence for the following bundle. Let U(n) = p~'(U(n)), p as in
Lemma 5.4.1(a). A trivial induction on n shows that

H*(U(n):Z) = A*(b,,...,b,), H*U(n):2Z)=A*b,,...,b,),

' %n

where the b;’s transgress to the universal Chern classes and



Integral homology and cohomology rings 141
P*(b1)=2b“ p*(bj)=bj, i<j=n.

Hence in the [F,-spectral sequence of U(n)—> Spin(2n + 1)— X, we have
dy(b,) = Y 2(b ) =0for 2=j = n and so the E,-term of this spectral sequence is

A by, B,)®RANF)® AN B, ®FT).

Counting dimensions and comparing with Proposition 4.6 this is E_ as well. Now
considering the diagram

T— Spin(2n + 1)— F(2n + 1)

J(n)— Spin(2n + 1)—— X,

shows easily that i*(E,) = t, whence 51 %" 'in the E;-term of the second row
goes over into t®y“ ' in E,(£,:F,), and hence b, ® 751" maps to z under
EZa,—Z.I_) H2a1—l(n . [F,).

We also know from Propositions 3.8 and 4.6 that the mod 2 spectral sequence
of

SU(n)— Spin(2n + 1)— X,
collapses at E,. Performing a diagram chase of the bundles

SU(n)— Spin(2n + 1)— X,

1o

U(n)—Spin(2n +1)— X,

we obtain 7*(x) =z. For Sq'(z) we note that Sq'(x,) =0 because x, is the
reduction of an integral class. Hence formula (5.4.7) gives the result. [

From 3.9.1 we see that when there is no power of 2 intervening between n, and
n,, z € H* " '(n, : F,) restricts to z € H**"'(n, : F,); and it is this feature which
makes it amenabie for calculations.

6. The integral Pontryagin ring of Spin(k)

We begin by calculating the comultiplication on our generators in
H*(Spin(2n + 1) : F,) induced by the product map

m : Spin(2n + 1) x Spin(2n + 1)— Spin(2n + 1) .
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The case of even k is then an immediate consequence. The transgressive
generators z, € H*(n : F,). of Proposition 5.4 are primitive:

r*z)=281+187z
from Borel {2, Proposition 20.1]. Let
{&,., |3=i <.+ <i,<2n,i =2}

be the linearly independent set in H,(n:F,)= H (Spin(2n +1):F,) dual to

z,z, -+ z, € H*(n:F,) under the Kronecker pairing. The primitivity of the z;
12 p -

shows that if };7_, i, <2a, — 2, then

gil...ip= GV ootV QP»

where v denotes the Pontryagin product and the right-hand side is independent
of order.

Proposition 6.1. p*(2)=z®1+1®z+}) 2,®z2, in H*(n:F,)QH*(n:F,),
where the sum runs over all pairs (i, j) such that i + 2j = 2a, — 1. In particular, this
second sum is zero iff n =3 or n =2°,

Proof. We will prove the results in three steps.

(a) The second factor in each summand of p*(z) ~ (z2®1+1® 2) must be a
product of the z,; (i.e. must lie in the Chow ring A, (F,)C H*(n : F,)).

(b) Each summand in the second sum must be of the form z,® z,,.

(c) All pairs of indices (i, j) satisfying i +2j =2a, — 1, do occur in pu*(z) —
(z®1+1Q2).

Step (a) follows from a dGiagram chasec: put G = Spin(2n + 1). Then we have

GxG__"_)g

1> T

GxX,——X,

where « is the left action of G on X,. Since z = w*(x) it follows that a*(x)
aetermines p*(z). Now

() =(z®1+10x)+3 ...

and the secpnd sum has its second factor in H*(X, : F,) in degrees <2a,—1,
hence in A;(F,) (see Corollary 3.5.1). This proves (a). For (b) consider the
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Kronecker pairing

(*2), &, ®L;, ) (6.1.1)

Now clearl (X7, i) +(X2, j,) =2a, - 1 for (6.1.1) to be nonzero and as each
i, J, is at least 3, each sum is <2a, - 2. Tuu

é’i,...i‘,:gi V’“V{ip’ gjl.“jq=£j VetV Q‘,
the products being independent of order. From (a) each j, must be even, and so at
least one {, is 0dd; by the commutativity we can assume i, = i,. Now suppose that
p=2orqg=2. Then i, +j =2a, -2, and so (6.1.1) is equal to

(z,§ v v N SR S VAR g",.q)

= (I"*(Z)s gil-nip_,gjl@(,,/: ’ w)

which is zero because the second factor has an odd index. Thus p=1and g =1
establishing (b).
At this point it follows that if n = 2% or n = 3, then for numerical reasons there
are no permissible indices i, jsuch that i +2j=2a, — 1;s0 u*(2) = 2Q1+ 1® 2.
To prove (c) fix a power of 2, and write n =2% + {, 0= [=2" - 1. In this range
the element z€ H*(n+1:F,) restricts to z in H*/.: F,) (comment following
Lemma 5.4.3), and also the mod 2 spectral seaueiwe o1

Spin(2n + 1)— Spin(2n + 3)— V(2,2n + 3)

collapses, as one checks from Proposition 5.4(a) and 1.5. Hence we can use
induction on [, starting with /=0 for which the result was established in the
previous paragraph; and using the inductive hypothesis for /, it is only necessary
to prove that in

p*(2) - (z®1+1Q2)=) z,®z,

the elements z,.,, z,., occur on the right-hand <'de. Since /+1=1 and
Sq'(z) #0 when n=2" + [ +1, this las: asscriicn i- verifi.d by computing each
side of the identity

p*(8q'(2))=8q'(# "12))
and comparing the resuits. [

Proposition 6.2. The analogue of Proposition 6.1 holds for H*(Spin(2n) : F,) and
¥ (2)=z81+1Qz iff n=4.
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Proof. If n # 2% the mod 2 spectral sequence of
Spin(2n)— Spin(2n + 1)—> S

degenerates at E,, as one verifies from Proposition 5.4, the remarks following
Lemma 5.4.3 and 1.4. Hence u*(2) in Spin(2r) can be calculated from Proposi-
tion 6.1 by suppressing the summand involving z,,,, if any; and for n =5 there will
always be a term in u*(2) - (z®1+1®2) involving z; which will persist in
N v m(2n).

If n =2°% then the bundle

,_, : Spin(2n — 1)— Spin(2n)— >~

of Section 2 degenerates at E, in any case (Proposition 2.2), and the kernel of the
restriction map H*(Spin(2n) : F,)— H*((n — 1) : ;) is the principal ideal gener-
ated by z,,_,. Since n =2% a, =2n and so from Proposition 5.4 we see that in
¥ - (1®2z+ 2®1) there can be no summand involving z,,_,; thus the
formula for this difference can be read off from the restriction of p*(z)—
(1®z+z®1)to H*(n—1:F,). O

Let { € H,(Spin(k) : F,) be the class Kronecker dual to z € H*(Spin(k) : F,).
Combining Propositions 6.1 and 6.2 we have the following proposition:

Proposition 6.3. {{, ¢|3=<i<k—1, i #2'} is a simple set of generators for the
Pontryagin ring H ,(Spin(k) : F,). Each generator has square zero, and the only
nonzero commutators among the generators are

16 &l=¢, i+2j=2a,-1.
Hence the ring is commutative for k=9 or k=2°+1. 0O

Notice that ¢ is a central element in H,(Spin(k):F,), and {{.}, {4}
generate exterior subalgebras.

We can now tackle the integral Pontryagin product. Define ¢ € H,;_,(n: Z) to
be the Poincaré-dual of H,-,é,- x; € H*(n:2).

Proposition 6.4. The set {1, & VotV §,.p| =i <---<i,=n} spans the free
summand of H . (n:Z): it forms an exterior algebra iff n=3 or n=2"

Proof. The given set spans the aigebra H,{n:Z(3)) and hence it is linearly

independent over Z. its Z-span having a cokernel of two-power order in the free

summand. Hence it suffices to show that the set is linearly independent over F,.
Using (5.4.6) and Proposition 6.3 one sees easily that
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gj=§4j—1 if j#2'<s, £=¢,

= e sy i 6.4.1
=Gy HjF2, ( )

whence []] & = fundamental class in H,(n : F,) proving the linear independence
(as in Proposition 4.5).

Next, §; v £, is a 2-torsion element for reasons of degree, so & v £ = E vE=0
as one sees form the formulae above. The commutator ideal of H ,(n : Z) is in any
case within the torsion ideal, so [£,, £]= [fk, § ;] and from Proposition 6.3 one
finds that lf],k;éz‘ and j+ k=a,, then [§k, 6] vV (Gouar V& iy V L)
if j#2, k=2" and 2k + j=a,, then (&, §] ¢ v (&;-,) and the other com-
mutators of the elements § are zero. O

Remarks. (a) The value of the nonzero cominutators above can of course be
expressed in terms of integral elements, as we shall show below (Proposition 6.6)
once we introduce the torsion generators of H,.(n : Z).

(b) The analogue of Proposition 6.4 is true for H *(Spm(2n +2) : Z) with the ¢,
defined as Poincaré-duals of (Hm x;)e and 7 the dual of H x;. In this case the
free summand is not an exterior algebra for n =4 by Proposition 6.3 and 6.4 (see
(6.4.2)).

(c) Henceforth we drop the symbol ‘v’ for the Pontryagin product. To define
the torsion generators in homology, we use the universal-coefficient sequence

0— H . (Spin(k) : Z)®F,— H  (Spin(k) : F,)
2 Tor(H , _,(Spin(k) : Z), F,)—0

identifying the last term with the torsion subgroup of H ,(Spin(k) : Z) (which is of
exponent 2 by dualizing the result in cohomology). The composite of A followed
by reduction mod 2

A : H (Spin(k) : F,)— H,_,(Spin(k) : F,) (6.4.2)

is the homology operation dual to Sq' and it is a derivation of the Pontryagin
product; hence A is completely specified by

X({Zi)=€21—l’ X({Zi—l)=0’ X(§)=0,

the last equation following most easily from Es ={ (see (6.4.1)). Since the
subalgebra of H (Spin(k):F,) generated by {{,;} is commutative, for
IC{i|]3=i=k-1/2, i#2’} the product {,, = I, z,, is well defined (indepen-
dent of the ordering in I) and we set

= X(4y) € H,_(Spin(k) : F,), whereg=23i.
I
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Here if E is the empty set, then {y =1 so u, =0. Putting I'={i,,...,i,} the
remarks above onr A give u, = A(”, LY=Xr, Boin iy &, in
H,_ (Spin(k) : F,). When [ is a singleton {i} we denote y, by u,.

Proposition 6.5. The set {1,&,,...,¢& p,} generates the Pontryagin ring
H. (n:Z). For H (Spin(2n +2) : Z) we simply add 7 to this set.

Proof. We already know that {1, &,,..., &,} generates the free part of H (n : Z)
and the torsion subgroup is mapped onto by H . (n:F,) under A. Hence froa
Proposition 6.3 it suffices to show that for all permissible ordered index sets
I={i,...,i,}, A({) and A({{) are in the subring generated by
{1, ¢,...,&,, m,;}. The second case reduces to the first because A({;{)=
AL)E,.

To write out A({;) as an element of the subring in {£;, u,} we use induction on
p = |1|, the case p =1 being clear. If I does not contain a pair of indices summing
to 24, — 1, then ¢, = I1 Loda I1 Leven aNd sO

A_( &)= H fodd)I (1—[ gev) = H Loaals 5

J being the set of § times the even elements in /. Now among the {,,_, appearing
above, if i =2", then ,,_, = &x_,, otherwise ¢, , = u,.

It remains to consider the case in which there is at least one pair of indices i,, i
in I with i, + i =2a, — 1. Again we try to effect the rearrangement above, except
that for each i,,i, we may introduce another monomial {,.{ where I'=1~—

{i,,i,}. Hence by the induction hypothesis and the reduction above, we are
done. OO

Note that we have proved something more; namely that the torsion subgroup of
H,(Spin(k) : Z) is generated by {&,, u,}. An immediate consequence of the
discussiun above is the following proposition:

Proposition 6.6. In H (n: Z) we have
(@ ifj, k ;5_2" and j + k= a,, then [§;, £ ]= & p;, where J = {j, k},
(b) if j#2, k=2"and j+ 2k = a,, then [&,, £]= & m,.
In H (Spin(2n + 2) : Z) we have
(c) m commutes with ¢, j=2"'<n,
(d) fk=a,-(n+1)#2, then [&,n]=&p. O

To describe the product relations among the {¢;, u,} we define a permissible
index set to be special iff it is a pair of the form {i, a, — i}.

Proposition 6.7. (1) If i€ I, &u, = & =0.

(2) If |INnJ|=1, then p,u, =0 except in the following cases. Put L =1UJ,
M=L-(InJ).
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(a) If INJ is special,

My = &y -
(b) If INJ = {k}, then

={§kp'M=”’kM’L’ ifa,-kel,
Hrbly b =i, fa —kel

(and the expressions are equal if a, —k &€ L).
3 IfInJ=@and I={i,,...,i,), then

1”’1 2“',”1,, —IU"—{lr}

provided 1 does not contain a special set; and

|4
Fabty =2 iy, t Epy
1
where I' = I — ( given special set).

Proof All the verifications are carried out by reduction mod 2: (1) follows from

= Gio160i = Gnil;  and g, = (fz:le )= A( o §y;) where I' =1~ {i}. For (2)
and (3) it is simpler to develop an analogous formula for x,¢,; and then apply A.

For example, for the first case (2)(b), write w, = A&y &)y &y = G loy ' =
I—{k}, J'=J—{k}) expand and multiply out: the hypothesis implies that

[4ars Gauei] =0 giving 5,45, = §&op = Bikty -
(3) is proved by induction on p = |If to give i,{,; = X{ w &, . O

Note that the second set of equations in (2)(b) above give &, u; and w, &, when
k+#2 and k& J.

Given Proposition 6.6, we fix permissible index sets I,J to describe the
remaining commutators and we put L={i€I|a, —iE J}.

Proposition 6.8. (1) If k=2'<n and a, =2k € J, then

[& w,) = €y, where J'=J - {a, — 2k}.

(2) [my, ;]1=0 unless |INJ|<1 and
@ IfINnJ={k}anda,-kElIUJ,

[, iyl =€y » where K=10UJ —{a, -k}
(b) IfINJT =0, L+#0, then

s =62 myH, = rvj{-lLa -1}.
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Proof. As always, the verifications proceed by reduction mod 2, and (1) is direct.
For (2) it is easier to follow the method of proof in Proposition 6.7 and obtain a
formula for [y, ¢;,], and then apply A.

(2)(a) can be deduced from Proposition 6.7(2)(b). For (2)(b) we fix an [E L
and observe

(&) =1rys Goul + $or &y

where M=JU{l} and I'=1-{I}, J'=J—{a, —I}. Then induction on |L]
gives the desired formula. [J

Note that when &k #2', [£,, u,] is subsumed by Proposition 6.7(1), 6.7(2)(b)
and 6.8(2)(a).

Theorem 3. H _(Spin(k): Z) is generated by {1, &, n,} subject only to Proposi-
tions 6.6, 6.7 and 6.8 (and 2u, =0).

Proof. Let H (k) be the (noncommautative) graded, connected algebra over Z
generated by {1, &, u,} subject to the given relations. By Propositions 6.5 to 6.8
there is a surjection ¢ : H,(k)— H ,(Spin(k) : Z); and by Proposition 6.4 ¢ is an
isomorphism of the free parts. We must show that ¢ is an isomorphism on the
torsion ideals also.

We will first do the argument for k= 2**1 11, when these algebras are
commutative; and then indicate the minor modifications necessitated by the
existence of nonzero commutators. In the case at hand, the argument in Proposi-
tion 6.5 shows that the torsion ideal of H,(2%:Z) is a free module over
A*(&, &, ..., &) generated by monomials w, ---p, and m, --- m p,, |J]=2.
Hence it suffices to show that the same is true in H (k); that there is a canonical
reduction of every torsion element to a A*(§,, .. ., £ )-combination of monomials
By " Wy and finally that every relation which holds among such monomials in

H,.(2%: Z) holds also in H,(k), k = 2"“'l +1.

So consider a torsion element &tk M By in H,(k). We can assume
that no k, is a power of 2; then Proposmon 6. 7(1) gives zero if some k, lies in
some J;: and if not, then Proposition 6.7(2)(b) gives &, = p;p,, Where
L =MU {j}. Thus we have a canonical reduction to the form AR T
by . If m=1, then Propositions 6.7(2)(b) and (3) give a reduction (by using the
ordering given) to the desired form. So it remains to find a generating set of
relations among u, My and p; - "Ry in H,(2%:Z). There is an obvious
one; for any K, setting K, = K- {k} we have Y. u, pg, =0 because
Yok bils k, = i and we apply A. This exists in H,(k) by Proposltlon 6.7(3); fix a
k,€ K, putI={k,}J =K~ {k,} and use u,u, = u,u,. A dimension count shows

that these are a generating set. (Essentially the same proof works for SO(n), see
71.7)
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When k& — 152/, so that the algebras are not commutative, the general torsion
element is a product of monomials of the form & §,-pu.,l "+ 4y . At the expense
of introducing summands in the ideal (£,) we move each ¢ next to a u, if i € J;
and if not, then we move it until we can use Proposition 6.7(2)(b). Thereafter the
reduction proceeds as above, and we end up with terms of the form Mz, """ My, OF
B " " B By "+ My, plus a term from (£;). The relations among these are similar
to those above except that

2= b+ £(7)

and the rest of the argument is similar. [J

7. The case of SO(k)
We begin by remarking that the double-covering along the fibres

§,: T—Spin(k)— F(k)

o]

£, T'—SO(k)— F(k)

gives an isomorphism of spectral sequences and cohomology rings for any
coefficient ring containing ;. Now we shall run through the analogues of Sections
4 to 6 for SO(2n + 1), indicating the required modifications for the even case
where necessary. In particular, these assertions will show that Theorem 1 (Section
2) holds for SO as well.

7.1, E,(&,:R)=Ag(t,,...,t,)®H*(F(2n + 1) : R) and the analogue of Propo-
sition 4.1 is immediate from the remarks above. The elements 6, . .., 6, of (4.2.1)
are defined in E,(&,:Z), and by Propositions 4.3 and 4.5 they generate an
exterior algebra € which is additively a summand, isomorphic to the free part of
E,(£, :Z). For SO(2n + 2) the element 7, ., has to be added to {6,,...,8,}.

7.2. From Corollary 3.5.1 and Proposition 3.7
E,(&):F,)=A*t,,...,t,)QH*(U(n)/T':F,)® A,(F,)

and as a cochain complex under d, it splits as a preduct of A,(F,), d,=0 and
E,(€) :Z). For SO(2n + 2) the element 7, , has to be added to {6,,...,6,}.

Ey(¢,:F)=A%r,..., 7,)® A, (F,)
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and this is £, as well since the fibre-degrees of the generators are =1. The mod 2
reductions of the 6, are given by

5 T 1Y ifl=j=n/2,
i / (7.2.1)

Y s ifn2<j=n.

L =Y N
II

7.3. Let T, = torsion subgroup of E;(¢, : Z). From 7.1, T, is a group of 2-power
order and by the argument of Proposition 4.7, r,(T.) =2""'(2" — 1). The formula
for the Bockstein map & : E,(&) : F,)— E;(&, . F,) is 8(r,) = %, 8(%,) = 0. Here
the paradigm example of Lemma 4.8.1 yields H*(E;, 8) = € ® F, which implies
2-T,=0.Then E,(¢,:2Z)= E.(&,:Z) as in Propositions 4.9 answering affirma-
tively the question of Kac [4] for G = SO(k). If we define B, to be the Z-module
in E_(£):Z) generated by 1 and

B}=6<H72,»_1), 1c{1,2,...,m}, |[l|=2,
1

then E_ (£, : Z) is generated by {6, ¥;, B} as in Proposition 4.11. Note that in
this case there is a B, as soon as m =2—i.e. n = 3. The analogues of Propositions
4.13 to 4.17 all go through; we will not list the relations as they are only
intermediate steps in proving the corresponding assertions for H*(SO(2n +
1):Z) (see 7.5).

We now proceed to the parallels with Section 5.

7.4. Lemma 5.2 holds for E_ (£ : R) and so we can define x; € HY~'(SO(2n +
1) : Z) as the image of 6, € EY ™ ’(§ :Z),u;, € H*(SO(2n + 1) Z) as the image
of v, EE¥(¢.:2)= A’Z’(Z) (For SO(2n +2) we add the element &' corre-
sponding to 7,,,.) The square-free products of {1, x;} form a basis for the free
part of H*(SO(2n + 1) : Z) and under the covering map p

p*(x))=x,, ifiisnotapowerof2,

p*(x})=x;, modulo H*(X, : Z)-linear combinations
of x,,if2' <j=2'<s,

p*(x,)=2x,, modulo lower order terms

(and p*(¢’) = ¢ in the even case).
Using Lemma 5.4.2 and (7.2.1)

=hy+hy by, if1=j=ni2,
=,

(7.4.1)

2— lh2;’ ifn/2<j=n
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and of course u, = h,,. The Bockstein elements v} are uniquely ¢
mod 2 reductions &, =Sq'(Il, #,,_,), where 1C{1,2,...,m},
from [3] and [7] the torsion exponent of H*(SO(k) : Z) is 2.

7.5. The set {1, x;, u;, vy} generates the ring H*(SO(2n+1):Z
for H*(SO(2n + 2) : Z) and a generating list of relations is given
(@) For 1=i=(Qn+1)/4, x* =u,_, + ul,_u’,.
(b) For Rn+1)/4<i=n/2, x}* = u),_,u,.
(c) For n/2<i=n, x* =0.
(d) For 1=j=m,

k;=29-322, L,=2Qj-1), Sxub,=

Using notation analogous to Proposition 5.7
e) 21 u’Zi—l®v'l =0, |I| =3.
) Ifkel, 5, Quv,=0.
(@) HkEZ1, s, Qv+ uli 1 ®v,=0, j=1U{k).
(hfinJ=K#@andI'=1-K,J'=J-K,

vy = (e s) viws + (M) -
K K
() EINT=@, I={i\,...,i,}and L, =TUJ - {i,}, 1=r=
14
vy = Uy @) .
1

There are no relations involving &’ (except £’ =0), confirming |
Theorem 1 for SO.

Adding to these relations in the Chow ring u’ = u,, iff 1=
n<i=2n(or2n+1) and £'> =0 in the even case gives the rings
fork=2n+1,2n+2.

We now move on to describe the Pontryagin product in H (S
will of course be commutative, as one easily deduces from t
H (SO(k) : F,) and H (SO(k): Z(3)).

7.6. From Borel [3] we know that the Pomtryagin ring H,
ALy, ..., ¢,_y), where ¢, is Kronecker dual to h,. From Le
Proposition 6.3 p,.({)= ¢/, p*({)=0.

Define £, € H,,_,(SO(2n +1):Z) to be the Poincaré dual t
analogous definitions involving &’ in the even case); then from
£ =¢5 ¢4, 1=j=n, and it follows along the lines of Prop
{1, ¢} generate the exterior subalgebra of H,(SO(2rn+1):Z) v
free summand.
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In the notation of (6.4.2) we define torsion elements by u; = A(H, () E
H,_,(SO(2n+1):Z), where ¢=2},,i and I1C{1,2,...,n}. Arguing as in
Proposition 6.5, the set {1, £/, p;} generates H,(SO(2n + 1) : Z) (with the dual
70’ of ¢’ added in the even case) but in contrast with the Spinor case, { u;} suffices
to generate the torsion ideal.

7.7. The structure of H*(SO(k) : Z) is now given as follows.

Proposition. The obvious map from A*(&,,..., €)@ A*(u;) to H, (SO(2n +
1) : Z) is onto with kernel generated by

(@) 2p;,

(b) fi€l, &,

© i l10J|=2, piu;,

@ ifINJ={k}, L=1UJ, M=L - {k),

piy = Ecpy and iRy = ppy
© if INT =0, I={i,...,i,} and L,=1UT—{i},
p
by =2 R -
r=1

(In the even case we add &' to the generators ¢;.) O
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