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Abstract

This paper reviews the one-to-one correspondence between stably compact spaces (a topological
concept covering most classes of semantic domains) and compact ordered Hausdorff spaces. The
correspondence is extended to certain classes of real-valued functions on these spaces. This is the

basis for transferring methods and results from functional analysis to the non-Hausdorff setting.
As an application of this, the Riesz Representation Theorem is used for a straightforward proof of

the (known) fact that every valuation on a stably compact space extends uniquely to a Radon measure

on the Borel algebra of the corresponding compact Hausdorff space.

The view of valuations and measures as certain linear functionals on function spaces suggests

considering a weak topology for the space of all valuations. If these are restricted to the probabilistic

or sub-probabilistic case, then another stably compact space is obtained. The corresponding compact

ordered space can be viewed as the set of (probability or sub-probability) measures togetheiwith
natural weak topology.
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1. Introduction

In denotational semantics programs and program fragments are mapped to elements of
mathematical structures, such as “domains” in the sense of $8®{83] If the system
to be modelled has the ability to make random (or pseudo-random) choices, then it makes
sense to model its behaviour by a measure which records the probability for the system to
end up in a measurable subset of the set of possible states. These ideas were first put forward
by Saheb-DjahroniB1], and Kozern24]. The former considered (probability) measures
on the Borel-algebra generated by Scott-open sets of a dcpo, while the latter worked with
abstract measure spaces.

From a computational point of view it makes sense to measureobisirvablesubsets of
the state space. These, inturn, can often be identified withptbesets of a natural topology,
for example, the Scott topology on domains. This connection between computability and
topology was most clearly expounded by SmiaH,35] and the idea was then carried
further by Abramsky[1], Vickers,[38], and others.

Afunctionu: G — R4 which assigns a “weight” to the open sets of a topological space
(X, G) is called avaluationif it satisfies the axioms

w@) =0
YU, VeG.UCV=ulU)<uV)
YU, VeG.uU)+uV)y=pUUV)+ulUNYV).

A probability valuationis obtained when«(X) = 1 holds. This notion first arose within
Mathematics[5,13,30] and while one could say that within Computer Science it was
implicit in the aforementioneB3], it was only explicitly adopted ifi15] by Jones and
Plotkin.

Comparing this work with the earlier approach by Saheb—Djahromi or Kozen it is natural
to ask whether valuations can be extended to Borel measures, or whether the latter are
intrinsically more informative than the former. As has been established by a number of
authors, e.g[25,3,4] and with a number of techniquespntinuousvaluations do indeed
uniquely extend to measures on large classes of spaces. The present paper adds another
proof of this important fact in the case stiably compact spaces

Why another proof? We believe that our approach has a number of attractive features,
not least of which are its brevity and simple structure. In essence, we study valuations
and measures through their effect on (continuous) functions via integration, and achieve
the actual extension by invoking the Riesz Representation Theorem. Continuous functions,
of course, are central to Analysis but they have also appeared in denotational semantics
literature:[14, Chapters 6 and 1ses them to establish a duality as a basis for a program
logics;[8] view them as “tests” on a labelled Markov system.

The route via functions is also useful for the second concern of this paper, namely,
the question of constructing a semantic domain from the set of valuations on a domain.
We mentioned already Saheb—Djahromi’s observation that valuations carry a natural order
which turns them into dcpos. Jones extends this to the (technically difficult) result that
continuity (in the sense of “continuous domain”) is also preserved. Unfortunately, a further
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strengthening of this has not yet been possible, that is to say, we do not know whether the
valuations on an FS-domdjih7] or a retract of SFP form another such struct{t8] points

out errors in published work and summarises the partial results which have been obtained
to date.

The approach taken here is somewhat different from this work. Instead of working with
the order between valuations, we consider semantic domaiopalsgical spaceand seek
a natural topology on the set of valuations. There are a number of possibilities here, for
example, the Scott topology arising from the dcpo-order. However, we take our cue from
the representation of valuations as certain functionals on continuous real-valued functions
and choose weak topologyn the sense of functional analysis. This is certainly consistent
with earlier work as we know that the weak topology is the same as the Scott topology when
one starts with a continuous dom4i?, Satz 4.1Q]36]. The point here is to consider the
weak topology in a situation where the order-relation is too sparse to sufficiently restrict the
Scott topology. The natural setting for our results, then, is that of stably compact spaces.
These subsume most semantic domains (such as “FS” or “SFP”) and have been shown to
have many other closure properties of interest to semantj@8}sMost relevant for the
current discussion is the fact that they are in one-to-one correspondence to a simple program
logic in the vein of Abramsky’s “Domain Theory in Logical Fornfl]. Indeed, the space
of valuations in its weak topology can be characterised through a finitistic construction on
the logical side, and the results presented here give further credibility to the axioms chosen
in [28].

Although of interest for some time to a core of researchers in semantics and Stone duality,
stably compact spaces are not as widely known in Computer Science as they deserve. We
take care, therefore, to develop their basic theory in an entirely elementary manner at
the beginning of our paper. For this we choose a slightly different (though equivalent)
axiomatisation which illustrates the slogan tlsgbly compact spaces af-spaces in
which compact sets behave in the same way as in the Hausdorff setting

We acknowledge with pleasure discussions on material in this paper with Martin Escardg,
Reinhold Heckmann, Ralph Kopperman, and Jimmie Lawson.

This paper arose as an amalgamation and extensid8pand[21].

2. Compact ordered and stably compact spaces
2.1. Compact ordered spaces

A partially ordered topological spacéor ordered spacgefor short) in the sense of
Nachbin[29] is a setX with a topology© and a partial order< such that the graph
of the order is closed iX x X. This captures the natural assumption that, for two converg-
ing netsx; — x andy; — v, the property; <y; foralli € I impliesx <y. In terms of
open sets, this is equivalent to saying that for any two pairtsy in X there are open sets
U containingx andV containingy such that for every’ € U andy’ € V, x’ £y’ holds. It
follows that ordered spaces are Hausdorff.

A subsetU of X is called anupper (lower) set, if x € U impliesy € U for all
y=>=x (resp.,y<x). The smallest upper (lower) set containing a suldsit denotedt A
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(resp.,J A). In an ordered space sets of the fotm = 1{x} or |x = |{x} are always

closed, and more generally, this is true fot and| A whereA is compact. This little ob-
servation has strong consequences in case the ordered space is compact, as was first noted
by Leopoldo Nachbirf29]:

Lemma 1(Nachbin [29). Let(X, O, <) be a compact ordered space
(i) (Order normality)Let A and B be disjoint closed subsets pilere A is an upper and

B is a lower setThen there exist disjoint open neighbourhodds A andV 2> B
where again U is an upper and V is a lower set

(ii) (Order separationfVhenever ¢ y there exist an open upper set U containing x and
an open lower set V containing y which are disjoint

(i) (Order Urysohn property)or every pairA, B of disjoint closed subseta/here A is
an upper and B is a lower sghere exists a continuous order-preserving function into
the unit interval which has valueon A andO on B.

Proof. By normality of compact Hausdorff spacésandB have disjoint open neighbour-
hoodsU’ andV’. SetU = X \ (X \U’) andV = X \ 1(X \ V). Order separation is

a special case of order normality, and the order preserving version of Urysohn’s Lemma
follows, as usual, by repeated application of order normality]

2.2. The upwards topology of a compact ordered space

One way to interpret this lemma is to say that there is an abundance ofippersets
in a compact ordered space. For any ordered space, the collection

U:={UeO |U=1U)

of open upper sets is a topology coarser than the original one; we call tibploéogy of
convergence from beloar upwards topologyor short. The resulting topological space
(X,U) we denote byx .

Sets of the formX \ | x always belong td/ and therefore every upper setis equal to the
intersection of ité/ -open neighbourhoods, that s, itis-saturated The converse direction
being trivial, we thus have:

Proposition 2. In an ordered space the upper sets are precisely£hsaturated ones

For a general topological spack, G ) one sets < g y if every neighbourhood ofalso
containsgy. This is always a preorder and it is anti-symmetric if and only if the spafe is
It is called thespecialisation order associated with. The preceding proposition tells us
that <y, is precisely the original ordex in any ordered space.

In order to analyse the propertiestéffurther in the case wherex, O , <) is compact,
we also consider the set of compact saturated sets:

Ky :={K C X | K isU -saturated antf -compac}.
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Lemma 3. Let(X, O, <) be a compact ordered spackhe elements df ;; are precisely
those subsets of X which are upper and closed with resp&gt.to

Proof. The upper closed sets Bfarel/ -compact because the topolalgyis weaker than
O . For the converse one uses order separatidnl.

We now have enough information to show that frémalone we can reconstruct the
original compact ordered space. In general, one considerpétot topologyg p of a
topological spacé€X, G ) by augmenting; with complements of compact saturated sets.
With this terminology we can formulate the following:

Theorem 4. Let (X, O, <) be a compact ordered spackhenO =Upand < = <y .

Proof. Because of Lemm&, Uf , is contained inO . It is Hausdorff because of order
separation and therefore the identity miapX, O ) — (X, U p) is a homeomorphism.

The possibility to reconstruct the order out of the upwards topology has been remarked
before. O

Since with(X, O , <), the “upside-down” spaceX, O , >) is also compact ordered,
the results in this section hold equally well for ttopologyD of convergence from above
or downwards topologyBy Lemmas3, its open sets are precisely the complements of the
compact saturated sets &of .

2.3. Stably compact spaces

As it turns out, topologies which arise as upwards topologies in compact ordered spaces
can be characterised intrinsically. We begin with the following observations:

Proposition 5. For a compact ordered spac&, O , <) the upwards topologd/ is
(i) To;

(i) compact

(iii) locally compact

(iv) coherentthat is pairs of compact saturated sets have compact intersection

(v) well-filtered that is, for any filter base(A;);c; of compact saturated set®r which
(); Ai is contained in an open upper settbere is an indexy such that4;, is contained
in U already.

Proof. The Ty separation property follows from order separation, (ii) is trivially true be-
causd/ is weaker thar© , and (iii) is a reformulation of order normality. Coherence and
well-filteredness follow from Lemma. [

Definition 6. A Tp space which is compact, locally compact, coherent, and well-filtered is
calledstably compact

In recent literature it has been customary to use “sober” instead of “well-filtered” in the
definition of stably compact spaces. However, in the presence of local compactness these
two properties are equivaleif,1, Theorem II-1.21]With this note we would like to make
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a case for the revised definition, because it makes it apparestétdy compact spaces are

the To-analogue of compact Hausdorff spacesthe sense that compact saturated sets in
the former have the same properties as compact subsets in the latter. The following lemma
illustrates this:

Lemma 7. Let(X, U ) be astably compact spacéhen any collection of compact saturated
subsets has compact intersection

Proof. Finite intersections leading again to compact saturated subsets, we can assume
the collection to be filtered. By well-filteredness, an open cover of the intersection will
contain an element of the filter base already. This being compact, a finite subcover will
suffice. O

This result justifies the following definition.

Definition 8. Let (X, U/ ) be a stably compact space. Téwecompact topology/ , onXis
given by the complements of compact saturated sets.

If the stably compact spac&(, I/ ) arose as the topology of convergence from below in a
compact ordered space, then Lem®implies that the co-compact topology derived from
U is the same as the topology of convergence from above.

The following proposition is reminiscent of the well-known fact that a compact
Hausdorff-topology cannot be weakened without losing separation.

Proposition 9. Let (X, U/ ) be a stably compact spadeet further3 be a subset dff and
C asubset of the co-compact topolddy., such that the following property holds

Vx,yeX. xdyy=>3IUeB,LeC.xeU,yeL, LNU=0.
ThenB is a subbasis fot/ .

Proof. Letx be an element of an open s@te U/ . Then by assumption for evegyin
X\ O there exist disjoint set§, € B andL, € C which containx andy, respectively.
The complements of th&, are compact saturated by definition and their intersection is
contained inO. Well-filteredness tells us that the same is true for a finite subcollection of
L,’s. The intersection of the corresponditig is a neighbourhood ofcontained ir0. [

Corollary 10. Let &4 and U/’ be stably compact topologies on a set X such that
<y =<y U cU’;andld  CU'. Thend =U".

We are now ready to complete the link with compact ordered spaces.

Theorem 11. Let (X, /) be a stably compact spacgonsider its patch topology , and
specialisation order<;, . Then(X, U p, <y ) is a compact ordered spacEurthermore
the upwards topology arising frobf , and < is equal td/ , and the co-compact topology
U i is equal to the topology of convergence from above derived#fgrand < .
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Proof. The Hausdorff separation property and the closedness;pffollow from Ty
and local compactness. Compactness of the patch topology requires the Axiom of Choice
in the form of Alexander’s Subbase Lemma: ItU C be a covering oK where the open
setsinB are chosen frortd and the ones i@ are complements of compact saturated sets.
The points not covered by the element€oform a compact saturated set by Lemiend
must be covered by elements Bf. A finite subcollectionB’ <, B will suffice for the
purpose. By well-filteredness, then, a finite intersection of complements of elemehts of
will be contained in_JB ' already. This completes the selection of a finite subcover.

The same argument shows that every compact saturated(3gtlif) is also compact in
the patch topology.

The specialisation order that one derives from the topology of convergence from below
on the spaceéX, U p, <y ) is the same as{;; by Theoremd.

We are therefore in the situation described by CoroltE®yand can conclude that no
new open upper sets arise in the patch construction. LeBthan, tells us that the closed
upper sets inX, U p, <y ) are precisely the compact saturated sety oHence the co-
compact topology with respect té is equal to the topology of convergence from below
on(X,Up, <y). O

Corollary 12. Let(X,U ) be a stably compact space
(i) The co-compact topology  is also stably compact
(i) Ue=U

2.4. Examples

The prime example of an ordered space is given by the real line with the usual topology
and the usual order. The upwards topology in this case consists of sets of thi,fesin
(plus R and @, of course), and non-empty compact saturated sets associated to this, in
turn, are the sets of the forfa, oo[. We denote the real line with the upwards topology by
R'. Also of interest to us is the non-negative part of this, denote&byOne obtains a
compactordered space by either restricting to a compact subset, such as the unit interval,
or by extending the real line with elements at infinity in the usual way, denoted here by
R = [—00, oo] andR.. = [0, oc].

In general, one cannot expect a compact ordered space to be fully determined by its order
alone, after all, every compact Hausdorff space can be equipped with a trivial closed order,
namely, the identity relation. Semantic domains, however, do provide examples where the
order structure is rich enough to determine a non-trivial stably compact topology. We review
the definitions: Adcpo(for directed-complete partial ordgis an ordered set in which every
directed subset has a supremum. The closed sets &fciit topologyr , of a dcpoD are
those lower sets which are closed against formation of directed suprema. It follows that a
function between dcpos is continuous with respect to the two Scott topologies if and only if
it preserves the order and suprema of directed sets. In order to emphasise the dcpo context,
such functions are usually call&tott-continuous

The specialisation order associated with the Scott topology, which is alfigaysll give
back the original order of the dcpo. An elemertf a dcpoD is way-belowan elemeny
(written x < y) if whenevery is below the supremum of a directed getC D, thenx is
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below some element &. A dcpoD is continuousor adomainif every element equals the
directed supremum of its way-below approximants.

The Scott topology of a domain is always well-filter¢tls, Lemma 4.12]and coher-
ence can be characterised in an order-theoretic fashion as we[ll&ekemma 4.18]
[11, Proposition 111-5.12]As a special case, coherence holds in every continuous complete
lattice (known agontinuous latticdor short). Two examples are of interest here: The unit
interval [0, 1] (or R or R is a continuous lattice and the Scott topology is precisely the
topology of convergence from below, discussed before. An eler@ni0, 1] is way-below
yif x = 0 orx < y. The other class of examples is given by open set lattices of locally
compact spaces. Here, the way-below relation is characterisét &y V if and only if
there exists a compact saturatedéstich that/ C K C V. Stably compact spaces qualify,
and their open set lattices have the additional property (not true in general) tiatV,
andU « Vo impliesU « Vi N Va.

More general domains with a coherent Scott topology have been considered in
Theoretical Computer Science; we refer the interested readg, tection 4.2.3jand
[11, Section IlI-5]

2.5. Morphisms and constructions

Although Theoremd and11suggest that we can switch freely between compact ordered
and stably compact spaces, a difference between the two standpoints does become apparent
when one considers the corresponding morphisms: neither is a continuous map between
stably compact spaces necessarily patch continuous, nor is every patch continuous function
continuous with respect to the original topologies. Indeed, it is the facTthebntinuous
maps arise in applications to denotational semantics which motivates our interest in stably
compact spaces.

Nevertheless, a connection betwesumbclasseof continuous maps can be made.

A continuous mapf: X — X’ between locally compact spaces is calfgstfectif the
preimagef (K ) of every compact saturated g&tC X’ is compactirX.! The following
is true:

Proposition 13. For locally compact spacegX, /) and (X', U/") amapf: X — X'is
perfect if and only if it is continuous with respect to the patch topologies on XXnahd
monotongi.e., order preservinywith respect to the specialisation orders

In the remainder of this section we study some constructions on spaces and how they
interact with the translations given in Theorefand11.

Proposition 14. Arbitrary products of stably compact spaces are stably comaxct the

product topology equals the upwards topology of the product of the corresponding compact
ordered spaces

1 For more general spaces, perfectness requires an additional propefty]see
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Proof. Let(X;,U ;);c; be any family of stably compact spaces andJet O ;, <;) be
the corresponding compact ordered spaces. We prove the second claim because it entails
the first. By Tychonoff’s Theorem the produét of the patch topologie® ; is again
compact Hausdorff, and the shape of basic open sets in the product gives immediately that
the coordinatewise ordet is closed. Sa[[;.; X;, O, <) is a compact ordered space.

A basic open set from the product of g is also open ir©O . For the converse we em-
ploy Propositiord, where the product of the ; plays the role o8 and the product of the
respective co-compact topologi@é ;). plays the role of in the stably compact space de-
rived from([[,.; Xi, O, <). The separation property is obviously satisfied becauge
meansy; < y; for some index. [

Subspaces are more interesting as they do not, in general, preserve any of the properties
under consideration, except that the order remains closed. However, we have the following:

Proposition 15. LetY be a patch-closed subset of a stably compact spadd ). Then'Y
is stably compact when equipped with the subspace topdldgy and (U [y)p =U ply.

Proof. The subspacey, U ply, <[y.y) is of course again a compact ordered space. If
Ais a closed lower set iv, then its lower closureg A in X is again closed a& is compact
in X. This shows that the upper opens(&f U ply, <[y.y) belong ta/ [y. The converse
inclusion is trivial. [

The second case where we know something about the stable compactness of a subspace
is related to continuous retractions. This fact is mentiong@6halready but the proof uses
a different characterisation of stable compactness.

Proposition 16. LetY be a continuous retract of a stably compact spadéh¥n'Y is stably
compact

Proof. Lete: Y — X be the sectionand X — Y the retraction map (both continuous).
We check the defining properties for stable compactness. First gigli,7p-space because
eis injective. The compactnessfollows from the continuity of the (surjective) maplf
x € O C Y, with OopeninY, thenr~1(0) is an open neighbourhood efx). Hence there
is an open se) and a compact saturated $ein X such thake(x) € U € L € r~1(0).
The image of. underr is compact irY, is contained irD, and contains the open set*(U)
which containx. This proves thaY is locally compact.

For stability, letK, K> be compact saturated sets\inWe get thate(K1) ande(K>)
are compact irX and hencete(K;) is compact saturated M. By the stability ofX the
intersectionte(K1)) N (te(K2)) is compact again. Its image undds preciselyK1 N K2;
it is compact inY by the continuity ofr. Well-filteredness is shown in the same way.]

Note thate does not need to be a perfect map in general, so the result is not subsumed
by Propositionl5 already?

2 perfectness ok is guaranteed if is an upper adjoint. This situation is called esertion-closure pair
in [2, Section 3.1.5]
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2.6. Real-valued functions

For an ordered spade&, G , <) there are a number of possible function spaces into the
reals that one might be interested in. Depending on which structure of the reals is taken into
account, one can distinguish at least the following:

e the set €X) of all continuous functions into the real line;

e the set CMX) of all continuousorder-preservindi.e., monotone increasingunctions
into the reals;

e the set LSCX) of all real-valued functions oX which are continuous with respect to

G and the topology of convergence from belowlnWe call these theower semicon-

tinuous functionsthey are characterized by the property thae X | g(x) > r}is an

open upper set iX for everyr € R.

If in the above definition® is replaced by the set obn-negativeeals, then one obtains
the function spaces G X), CM (X), and LSC_(X). In order to express the condition that
all functions be bounded iR we use the notation££X), CM;(X), and LSG (X).

Our primary object of interest is the classooimpacbrdered spaces and in what follows
the most prominent function spaces will be€X3, CM (X), and LSC_,(X"). Note that
because of compactness, the functions (X Cand CM, (X) are automatically bounded,
whereas for LSG (X 1) this need not be the case; our preference for LX) is primarily
to avoid unnecessary complication stemming from arithmetic with

From Propositiorl3 it is clear that for a compact ordered spaGeCM. (X) is a sub-
set of LSG_,(x1), consisting of all perfect maps froki® to Rl. The sets CM (X),
LSC, »(Xx1), and LSG (X ") are positive cones, that is, they are closed under addition and
scalar multiplication with non-negative real numbers. Furthermore, these cones are ordered
in the obvious (i.e., pointwise) way. The setX), on the other hand, is an ordered vector
space. The smallest subvector space generated by(®Mnside G X) consists of differ-
encesf — g with f, ¢ € CM(X); we denote it byCM, — CM_)(X). The following
picture may help to visualise the containment relations between these function spaces:

C(X)

N
(CMs — CM3)(X) LSCy 5(x1)

N /
CM4.(X)
For anyr € R we adopt the following notation for a functign X — R:
lg>r]:={x e X |g(x)>r}=g 0, +ooD).

We have the following approximation results:

Lemma 17 (Edwards [9). Every element of € LSC, (X") is the(pointwis§ supremum
of elements o€EM, (X).

Proof. Note that CM, (X) is closed under taking pointwise maximum, so the collection
of approximants tgf € LSC, (X 1) is certainly directed. For € X andr < f(x), consider
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[f > r] which is an upper open set X containingx. By the order Urysohn property
(Lemmal(iii)) we obtain a continuous monotone increasing functiovhich takes value 1
ontxandOonX \ [f > r], sor - g is an element of CM(X) belowf which approximates
f at pointx up to “precision™r. [

Lemma 18. Every element g dfSC, (X) can be represented as a directed supremum of
simple functions belonging 165C; ;(X) in the following way

1

§=3SUP) o Xie>iy
neN; n [é>2n]

The proof is immediate from the definition of lower semicontinuity.

To approximate continuous functions, we considékX{as a Banach space with the
sup-norm|| f||. As we remarked before, the set G¥X) of all non-negative monotone
increasing continuous real-valued functions is a cone (iK)CFurthermore, it is closed
under products and contains the constant function

Lemma 19 (Edwards [9). For a compact ordered space, ¥he vector spac€CM . —
CM)(X) generated by the coréM_ (X) is dense irC(X) with respect to the sup norm

Proof. From the remark preceding this lemma it follows tli@v, — CM,)(X) is a
subalgebra of CX) which contains the constant functi@nBy the order Urysohn property
it follows that for any elements ¥y in X, there is a functionf € CM.(X) such that
f(x)=21andf(y) = 0. Hence, CM.(X) and,a fortiori, (CM — CM)(X) separate the
points ofX. The lemma now follows from the Stone—Weierstrald Theoreinl

3. Measures and valuations
3.1. Measures and positive linear functionals©qX)

Let X be any Hausdorff space aitl the -algebra of Borel sets, that is, thealgebra
generated by the open subsetXdRecall that a Borel measure ¥iis a functionn: B — R
such that

m is strict: m (%) =0,

m is additive: m(A) +m(B) = m(AU B), wheneveA, B € B (X) are disjoint

m is g-continuous:m (| J,cnAn) = SUp,en m(A,) for every increasing sequence
(AnlneN € B .

It follows from strictness and-continuity that measures can only take non-negative values.
A measure is callethner regular, if

m(A) = supgm(K) | K € A andK compac} for all Borel setsA .
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We say tham is aRadon measur?, if it is inner regular and ifn(K) < +oo for every
compact subse. For a bounded Radon measure, that is, a Radon measure such that
m(X) < 4o0, inner regularity implie®uter regularityby passing to complements:

m(A) =inf{m(U) | A C U andU oper} for all Borel setsA .

We denote by
MNi(X) the set of all bounded Radon measuresiphy
M < 1(X) the subset of all Radon measures withX) <1, and by
Mi1(X) the set of Radon probability measures, ime(X) = 1.
On compact Hausdorff spaces all Borel measures are automatically regular, so in this case
the qualifier “Radon” only expresses boundedness.
Mi(X) is a cone in the vector space of all functions frBnto R, that is, the sumy +m»
of two bounded Radon measures, and also the scalar multipfer any non-negative
real number, are again bounded Radon measures. The sul$ets(X) and¥ii (X) are
convex. OMt(X) there is a natural order relation

m1<my = m1(A)<m2(A) for all Borel setsA .

This order is trivial for probability measures. More interesting for us is the so-cstletas-
tic preorder, which we can define wheX is an ordered space. It is given by the following
formula:

mi<my == m1(U)<m2(U) for all open upper set§ .

Here the word “preorder” highlights the fact that there is no guaranteestlimgentisym-
metric in general*

Integration of functions can be a subtle affair when one allows measurable sets of mea-
sureco, unbounded functions, functions whose support is not compact, or non-continuous
functions. Since we are interested in compact ordered spaces, bounded Radon measures
and functions with continuity properties, none of these complications arise; one can define
the integral of a continuous functioft X — R, in any of the available frameworks. The
following definition is particularly convenient for our purposes. We set

+o0
/fdm::/ m([f > r]dr,
0

where the integral on the right is obtained by ordinary Riemann integration. This is a
Choquet-type definition of the integral (sf& p. 265] [23, Section 11} Let us explain

why this definition makes sense: For everyhe seff f > r] is open and has a measure
mg[f > r]) € Ry. The functionr +— m([f > r]): Ry — R4 is monotone decreasing and
m([f > r]) = 0 forr > || f]|. Thus this function is Riemann integrable and the Riemann

integralfOJroom([f > r])dr, which is in fact an integral extended over the finite interval

3 For compact Hausdorff spaces, the teagular Borel measurés more commonly used than that oRadon
measure

4The notion of astochastic ordehas been introduced much earlier for probability measures (se@p.g.
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[0, ]| £111, is a real number. One extends the definition to all continuous functions in the
usual way.
The fundamental properties of integration can now be derived from the properties of the
Riemann integral:
() (Linearity)Forr,s € Randf, g € C(X), [(rf +sg)dm =r [ fdm +s [ gdm.
(i) (Positivity)For f € C4(X), [ f dm >0 holds.
This says that for every Radon measuneon a compact Hausdorff spaeé the map
f + [ fdmis apositive linear functional on(@).
The famous Riesz Representation Theorem states that linearity and positivity completely
characterise integration:

Theorem 20. Let X be a compact Hausdorff spad@en for every positive linear functional
¢ onC(X) there is a unique Radon measure m such that

o(f) =ffdm for every f € C(X) .

We denote with ¢(X) the set of all positive linear functionals on the ordered vector
space C€X). It is standard knowledge that this is a subcone of the vector space)®f
all bounded linear functionals. It can be ordered by setting

P<Y = VfeCi(X). o(fH<Y(S) .

As with measures, for compact ordered spaes preorder will be of interest to us:

Oy = Vf e CML(X). o(f) <Y (f) .

From the Riesz Representation Theorem it follows that the ctikes) and Cf(X) are
isomorphic, as integration is indeed linear in its measure argument. We can strengthen this
by also taking the preorders into account:

Theorem 21. For a compact ordered spad&, O , <) the preordered cone@i(X), <)
and(CT(X), <) are isomorphic

Proof. If m <m’ there exists an open upper dor whichm (U) > m’(U). By regularity,
we find a compact saturated s$einsideU for whichm(K) > m/’(U). The order Urysohn
property provides us with a continuous monotone increasing funttidrch takes value
1 onKandOonX \ U. We then have

/fdm}m(K) >m/(U)2/_fdm/

and we see that the integration functionals are not comparable with respe¢eitier.

For the converse let(U) <m'(U) forall U € U , and letf € CM_(X). Since[f > r]
is an upper open set for alle R, we get/ f dm < [ f dm’ directly from our definition of
integration. [

We will show below that for a compact ordered space the stochastic preorder is in fact
antisymmetric.



234 M. Alvarez-Manilla et al. / Theoretical Computer Science 328 (2004) 221-244
3.2. Valuations and Scott-continuous linear functionald. 8¢, ,(X)

Let (X, G) be a topological space, not necessarily Hausdorffahiationon G is a
functionu: G — R with the following properties:

W is strict: w) = 0,
w is modular: w@)+ V)= w(UUV)+uUnNVv),
u is monotone increasing’/ C V = wlU) Cuv).

A valuation is calleqScott-) continuoudf

w(U; e Ui) = supu(U;) for every directed family of open sets € G .
iel

We denote byB(X) the set of all continuous valuations 6n A natural order between
valuations is given by

u=xv = pwU)<v(U) forallopenU € G ,

which we again call thetochastic ordem anticipation of a theorem which we will prove
in the next section. With respect to this ord8i,X) is directed completemore precisely:

Lemma 22. For every family(y;);e; of continuous valuations o6 , which is directed for
the stochastic orderthe pointwise supremum(U) = sup u;(U) is again a continuous
valuation ongG .

For continuous valuations we also define an addition and a multiplication by non-negative
scalarsr by (u + v)(U) = u(U) + v(U) and (ru)(U) = ru(U), where we adopt the
convention 0 (+o0) = 0 as usual in Measure Theory.

We denote by
B(X) the set of alboundedcontinuous valuations, that is(X) < +oo, by
B < 1(X) the subset of albub-probabilityvaluations, that isu(X) <1, and by
B1(X) the subset of alprobability valuations, that isu(X) = 1.

We note thatB(X) is a cone in the vector space of all functions frgmto R and that
B <1(X) andB1(X) are convex subsets which are directed complete for the efder

Inthe same way that one can define the integral with respect to a Radon measamay
define the integral of a bounded lower semicontinuous fungtidgh— R with respect to
a continuous valuatiop. Indeed, for every, the preimagég > r] = g~ 1(Jr, +0o0]) is an
open upper set. Thus([g > r]) is a well defined non-negative real number. Moreover, the
functionr ,u([g > r]): R+ — R4 is monotone decreasing and upper semicontinuous.

Hence its (Riemann) integrg(groo u([g > r]) dr is a well defined real number. Note that
in fact the integral is only extended over the finite intef@l | g]|], asu([g > r]) = 0 for
r>|lgll. So we set

+00
/gd,u::/o ,u([g>r])dr.

From this one deduces the following properties:
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Lemma 23. The map(u, f) — [ fdu: B(X) x LSCy ,(X) — Ry is linear and Scott-

continuous in each of its two argumenits detail:

(i) Let f<g e LSCy ,(X). Then[ fdu< [ gduholds forallu € B(X).

(i) Letu € B(X) and assuméf;)ic; < LSC, ,(X) is directed such that the pointwise
supremum f remains boundékhen | f du = sup., [ f; du holds

(iii) Letr,s € Ry and f, g € LSCy ,(X). Then[(rf +sg)du =r [ fdu+s [gdu
holds for allu € B(X).

(iv) Letusy' € B(X). Then/ fdu< [ fdy holds for all f € LSC; 5 (X).

(v) Let f € LSC; »(X) and assuméy;);c; < B(X) is directed such that the pointwise
supremuny remains boundedrhen f du = sup¢; / f dy;.

(vi) Letr,s € Ry andp, ¢/ € B(X). Then[ fdru+sy)=r [ fdu+s [ fdy holds
forall f € LSC; »(X).

The proof is straightforward except for (iii), for which one employs the approximation
of lower semicontinuous functions by simple ones, as stated in Leb@riBhe complete
argument can be found [86] and[27, Section 3]We note that the lemma can be shown
in more generality, loosening the requirement of boundedness of valuations and functions,
see[22]. Also, it is an easy exercise to show that preservation of directed suprema implies
monotonicity, so (i) and (iv) are not strictly necessary. However, we wanted to stress that
linear Scott-continuous functionals on L$&(X) are positivein the same sense as the
elements of ¢(X) discussed before.

As with measures, we intend to replace valuations by linear functionals on L80O.

To begin with, the analogue to the Riesz Representation Theorem is a triviality:

Proposition 24. Let (X, G ) be a topological spacerhen for every positive linear Scott-
continuous functional ohSC; ,(X) there is a unique continuous valuatigrsuch that

o(f) = / fdu  foreveryf € LSCy p(X) .

Proof. The characteristic function of an open set belongs to L. (), so the definition
of pis forced on usu(U) := ¢(yy). It is immediate that we get a bounded continuous
valuation this way. In order to see that integration of a lower semicontinuous function
g with respect tou yields ¢, we approximatey by a sum of scaled characteristic func-
tions as exhibited in Lemm&8. The statement then follows readily from Scott-continuity
ofp. O

We denote the set of all positive linear Scott-continuous functionals on LL$X) with
LSCI’b(X). Itis obviously a cone and can be ordered by setting

p=<¢' = Vg € LSCy »(X). ()< (g) -
We thus get the analogue to Theor2ithe proof of which is trivial because of the presence
of characteristic functions in LSC,,(X):

Theorem 25. For a topological space(X,G ) the ordered cones8B(X), <) and
(LSCIJ,(X), <) are isomorphic
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3.3. The bijection between measures and valuations

We will now apply the results from the previous two sections to a compact ordered
space(X, O, <). Specifically, we will show that the con88(X) of Radon measures and
CI(X) of positive linear functionals on ), on the one hand, and the cortBsx ") of
bounded continuous valuations and LEg(XT) of linear Scott-continuous functionals on

LSC, »(X 1), on the other hand, are isomorphic. We will also show that the isomorphisms
preserve the stochastic ordefghat we defined in each case. This will establish a bijection
between Radon measures, which are definedlf@orel-setsof O , and valuations, which
assign aweightto upper open sets alone. The road map for the proof s given by the following
diagram:

cf(X) «—— Lsc] ,(x"
1 1
Theorelei lTheoremZS

M(X) BxT)

Theorem 26. For a compact ordered spacg’, O , <) the ordered cone€CT(X), <) and
(LSCIJ,(XT), <) are isomorphic

Proof. We remind the reader of the function spaces introduc&ddand the inclusions
CM,(X) € (CM; — CM,)(X) € C(X) and CM,(X) C LSC, ,(X™). The idea of the
proof is to show that, on the one hamadpnotondinear functionals on CM(X) are in one-
to-one correspondencepositivelinear functionals oiCM_ —CM, ) (X) are in one-to-one
correspondence tpositivelinear functionals on CX), and on the other handhonotone
linear functionals on CM(X) are in one-to-one correspondencé&tmtt-continuoubnear
functionals on LSG ,(X ™).

Now, working towards the latter equivalence, a Scott-continuous linear functional on
LSC, ,»(X™) can obviously be restricted to a monotone linear functional on CXJ. Vice
versa, we can extend a monotone linear functignah CM,.(X) by the formula

B(f) == suplg(g) | g € CM4.(X) andg(x) < f(x) forall x € X}

and the only question is whether the extension is Scott-continuous. To show this, assume
that(f;);<; is a directed family of semicontinuous functions, andlet CM_ (X) be such
that g(x) <supg, fi(x) for all x € X. Fix ¢ > 0. For everyx we may choose an index
i(x) suchthag(x) —e < fi)(x). Asgis continuous and ag ) is lower semicontinuous,
there is an open neighbourhodd of x such thatg(y) — ¢ < fi()(y) forall y € Uy.
By compactness, finitely many of the open sétsare coveringX. Thus, as thef; form a
directed family, we may choose an indgsuch thag (x) —¢ < fi,(x) forallx € X. Define
the functiong; € CM_(X) by g.(x) = max{g(x) — ¢, O} and note thag, < fi, holds. From
the monotonicity ofp we get thatp(g) — ¢(g;) = (g — g)<op(e-1) = ¢- @(1) and
hencep( fig) = ¢(g:) = ¢(g) — & - @(1). We get sup.; 9(fi) > @(g) by lettinge — 0.
Restriction and extension are inverses of each other because, on the one hand )GV
LSC, »(XT) and, on the other hand, the elements of LSCX ") are pointwise suprema
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of elements o € CM_ (X) such thag(x) < f(x) forall x € X by Lemmal7. This latter
fact also shows that the stochastic order is translated to the pointwise order of functionals
on CM (X).

At the other side, we can likewise restrict a positive linear functional @k)Go the
cone CM, (X) of non-negative order preserving continuous functions. For the extension
we first setop(g — ¢g') := @(g) — ¢(g’) in order to get a positive linear functional on
(CMy — CM_)(X). This is well-defined becauge— ¢’ = h — I’ is equivalentte + 1’ =
h+g' andg preserves addition. Positivity and linearity mean tha uniformly continuous
with respect to the supremum norm, and therefore we can extend it to a functiongton C
by Lemmal9. The extension remains positive and linear.

In this case, too, restriction and extension are inverses of each other because of the
density of(CM. — CM,)(X) in C(X). The stochastic order on'CX) is directly defined
with reference to CM (X), so the order-theoretic side of the isomorphism needs no further
argument. [

Note thaten passantve have shown that the stochastic preorder dXg is antisym-
metric.

It remains to interpret what these somewhat involved transformations amount to for
measures and valuations. To this endlfet I/ be an upper open set, ande M(X) a
bounded Radon measure. Because of inner regularity and the order Urysohn property, we
find a continuous order preserving functignX — [0, 1], for which¢(g) = [ gdm is as
close tom(U) as we desire. The value of the corresponding functional on, L&) at
Xy is given as the supremum of the valuegoht these functions and must therefore equal
m(U). In other words, the combined translation fraf(X) to B(X 1) is nothing other than
the restriction to open upper sets. Concentrating on its inverse we can thus state:

Theorem 27. For a compact ordered spacel, O , <), every bounded continuous valua-
tion on X T extends uniquely to a Radon measure on X

This result is not new; it was first established by Jimmie Law$2h]. It is also not
the most general; sg8] and the references given there. However, our proof lends itself
particularly well to a discussion of topologies for spaces of valuations and measures, the
topic of the next section.

4. Topologies on spaces of measures and valuations
4.1. The vague topology on the space of measures

There are a number of topologies that one could choose for the set of measures. A
reasonable minimal requirement is to ask that if a @&t);c; converges tan then we
should also havg' f dm; — [ f dm in R. The main free parameter in this condition is
the choice of the set of functions from whi€may be drawn, and several possibilities are
indeed discussed in the literature, §3¥]. With an eye towards the Riesz Representation
Theorem20, we define:
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Definition 28. LetXbe atopological space. Thague topology’ on9)i(X) is the weakest
topology such tha +— [ f dm:9Mi(X) — R is continuous for allf € C(X).

For a compact Hausdorff space we ha%Xx) = CT(X), and one sees that the vague
topology is simply the restriction of what is usually calledak -topologyon the dual space
C*(X) to the cone ¢(X). We have the following equivalent characterisations in case the
underlying space is compact ordered:

Proposition 29. Let(X, O , <) be a compact ordered spad®r a net(m;);; of bounded
Radon measures and a bounded Radon measptteenfiollowing are equivalent
() (m;);er converges to m in the vague topolothat is

/fdm:liigr}ffdmi

itfor itall f € C(X).
(i) [ gdm; convergestq gdm in R, thatis

/gdm:lim/gdmi
iel

forall g € CML(X).
(i) m;(0) converges tan(0) for all O € O in the topology of convergence from below
on R, andm; (X) converges ta: (X) in the usual topology ofR, that is,

m(0) < liminf;c;m;(0) forallO € O ,and
m(X) = lim;c; m;(X) .

Proof. The direction (i)= (ii) being trivial, assume thaf g dm; converges tgf g dm
for elements of CM.(X). Then the integrals will also converge for functions fr6@M,. —
CM)(X) because subtraction is continuous. To extend the statement to all continuous
functionsf, we employ Lemmd.9:

/fdm :glinf/‘gdm :;@flilgl] /gdm[ = |i|2}g|1nf/gdm,~ = Iilg}/fdm,' ,
where we have writtelg — f to indicate a net of functions froflCM;. — CM,)(X)
converging td in the supremum norm.

The equivalence with (iii) is part of Topsgé®ertmanteau Theorem 8[37]. O

Note that CM, (X) is a much smaller set of functions thaiiXQ, and so the fact that it
induces the same topology dR(X) is remarkable.

Lemma 30. For a compact ordered space the stochastic orgeeon cT(x) is closed in
the vague topology

Proof. Let¢; andy; be nets of positive linear functionals that convergetandy,
respectively, such thap; <y, for everyj € J. Then, for everyf € CM(X), we have

@ (f)<Y;(f) and, asp;(f) andy;(f) converge top(f) andy(f), respectively, we
conclude thatp(f) <y(f), whencep<y. [
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In[9] it has been shown that, for a compact ordered space, the set of probability measures
with the vague topology and the stochastic order is a compact ordered space again. We have
a slight generalisation:

Theorem 31. Let (X, O , <) be a compact ordered space
(i) M(X),V, =) isan ordered space
(i) The subset®)i1(X) andMi< 1 are compact and convex

Proof. The first claim follows immediately from the preceding lemma. For the second
we offer two arguments: Identify (sub)probability measures with positive linear function-
als on GX), and these in turn with elements in the prodlEt oy, | 7 <1[—1. 11. The
restriction of the vague topology coincides with the product topology and hence is compact
Hausdorff on the full product. Those tuples which correspond to positive linear functionals
are characterised by equations and inequalities involving a finite number of coordinates in
each instance, hence they define a closed subset.

Alternatively, we can invoke the Banach-Alaoglu Theorem which states that the unit ball
in C*(X) is compact in the wedktopology. Again, the positive functionals are excised by
inequalities and hence form a closed subset. Probability measures are characterised by the
single additional requiremegt(l) = 1. O

For everyx € X, the Dirac functionab,, defined byf — f(x), is a positive linear
functional on GX). For any completely regular spacei—~ 9, is a topological embedding
ofthe space Xinto €(X) endowed with the wed&ktopology. In fact, for compact Hausdorff
spaces, the functionals; are exactly the extreme points of'(X) (see[7, p. 108). We
have more:

Proposition 32. Let X be a compact ordered spa@essociating to every elemente X
its Dirac functionald, yields a topological and an order embedding(af, O , <) into
M(X), V, ).

Proof. It only remains to show that we have an order embedding: <fy, then
0x(f) = f)K<f(y) = 6,(f) for every f € CM,(X), whenced,<J,. If, on the
other handy £ y, then there is aif € CM4(X) such thatf (x) = 1 but f(y) = 0, that is,
0x(f) = 10 =6,(f) and, consequently, 5,. [

4.2. The weak upwards topology on the space of valuations

As with measures, we base our definition of a topology for the set of valuations on
integration:

Definition 33. Let (X, G) be a topological space. Theeak upwards topology on
B(X) is the weakest topology such that— [ gdu: B(X) — R" is continuous for all
g € LSCy ,(X).

Note the use of the topology of convergence from beloviRdn this definition.
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Proposition 34. Let (X, ) be a stably compact spacBor a net (u;);c; of bounded
continuous valuations and a bounded continuous valuatjdhe following are equivalent
(i) (u;)ier converges tquin the weak upwards topology, that is

/gd,ugliminf /gd,u,»
iel

forall g € LSC, ,(X).
(i) ([ gdw)ics converges tqg' gduin R, that is

/gdugnminf/gdu,.,
iel

for all g € CM_(Xp).
(i) (u; (U))ier converges tqu(U) in R, that is

u(U) < liminf 4,
S

for all open setd/ € U .

Proof. Clearly, (i)= (ii). Further, (i)— (iii), as the characteristic functior,, of every
open upper saf is lower semicontinuous anfy, du = u(U).

(i) = (i): By Lemmal7everyg € LSC; ,(X) is the supremum of a directed fam-
ily of monotone increasing continuous functiofis X, — R,. For the latter we have
[ fidu<liminf;c; [ fjdu; by assumption. Asf; <g, we have liminfe; [ f; dy; <
liminf,c; [gdy; for all j, whence [gdu = [sup; fidu = sup; [ f;du<
sup;c; liminf;e; [ fidu; <liminf;c; [ g dy; as desired. Note that we have used the fact
that f +— [ f du preserves directed sups as stated in Ler26().

(iii) = (i) is proved in a similar way using the fact that evgrg LSCy ;(X) is the supre-
mum of an increasing sequenggeof finite linear combinations of characteristic functions
of open sets as stated in Lemi@& [

As with Propositior29, note that both CM (Xp) and the characteristic functions asso-
ciated with the elements &f are much smaller sets than L$&(X) in general, yet they
define the same topology.

Choosing a constant ngf = v in the preceding proposition yields an alternative proof
of the order-isomorphism established in Theoizn

Corollary 35. Let (X, O, <) be a compact ordered spadeor continuous valuationg
andv onl/ , the following are equivalent
(i) u=v,thatis w(U)<v(U) for every open upper set;U
(i) [ fdu< [ fdvforeveryf e CM(X);
(i) [ gdu< [ gdvforeveryg e LSCy ,(X1).

We observe that the equivalence ) (iii) remains valid for any ordered topological
space.
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4.3. Relating the two topologies

In Theorem26 we established an isomorphism between the ¢Bt) of bounded
Radon measures on a compact ordered sp¥c® , <) and the con& (X ") of bounded
valuations on the associated stably compact spéce= (X, ). We can now compare
these two cones as topological spaces. Unfortunately, we do not have a general result here,
but must restrict ourselves to (sub)probability measures and valuations. On these subsets,
the relationship mirrors that betwerand X ':

Theorem 36. Under the isomorphism exhibited in Theor@® the upper open sets in
M<1(X), V, x) are precisely the open sets 68 <1(X), S). The same is true if one
restricts further to probability measures and valuations

Proof. We know thati<1(X), V, <) is a compact ordered space by Theo&and
so we can employ Propositidh Assumem1 £my2; then there existg € CM(X) with
[ gdm1 > [ gdms. LetK € R be anumber strictly between these two quantities. The sets

U:={meMX)|[gdm>K} and
Vi={meMX)| [gdn < K}

are open in the vague topology and disjoint. The first is clearly upwards closed while
the second is downwards closed. Furthermore, under the bijection between measures and
valuations,U is mapped to the seu € B(X) | [¢du > K} which is weak upwards

open by Propositior84(ii). This shows that upper open sets Wf correspond to weak
upwards open sets of valuations. The converse follows directly from Proposi8jiis
and34(i). O

Corollary 37. Let (X,U ) be a stably compact spac&hen both(B<1(X),S) and
(B1(X), S) are again stably compact

This result can also be shown directly, without employing any functional analytic meth-
ods, as we will now explain. We show more generally that, for a stably compact Xpace
the setB(X) of all continuous valuations is again stably compact for the weak upwards

topology. We start with the stably compact sp#te- [ [, ﬁl, where each copy dk,.
is equipped with the topology of continuity from below. The corresponding patch topology
is just the product topology of the usual compact Hausdorff topology. Thet$&tX) of
all (not necessarily continuous) valuationd/ — R, is patch closed i, as one easily
verifies. By invoking Propositioft5 we have thus shown that the sef3(X) of valuations
on a stably compact spaeeis stably compact when equipped with the restriction of the
product topology.

In order to restrict further teontinuousvaluations, we remember thdt , C) is a con-
tinuous lattice. We use the following standard technique from domain theory in order to be
able to apply Propositioh6:

Proposition 38. Let (X,4/) be a stably compact space angl/ — R, be
a valuation The following defines the largest continuous valuation bejown the
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pointwise order
@) (0) :=sugu(V) | V < 0}

whereV « O means that there is a compact saturated set K suchthat K C O.
Furthermore the operation®: mB(X) — mVB(X) is idempotent and continuous with
respect to the product topologgnd mapgsub)probability valuations tqsub-)probability
valuations

Proof. Itis clear that®(u)(¥) = 0 holds, and tha®(u) is monotone. For the modular
law, we exploit stable compactness which gives us ¢hat O’ is approximated by sets of
the formV N V' whereV « 0 andV’ « O’. The continuity of®(u) follows from its
definition.

A continuous valuation is kept fixed by because every open set equals the directed
union of those open sets way-below it.

In order to see that the operation of making a valuation continuous is itself continuous
with respect to the product topology onB(X), observe thatP(u)(O) is greater than a
real number, if and only if u(V) > r for someV € K C O. Hence the preimage of the
subbasic open s¢t € mBX | u(0) > r}equald Jycxcofn € mMBX) | u(V) > r}.

The last statement follows immediately from the fact that the whole s@&eompact
and open at the same time.[J

We thus have by Propositidié that the restriction of the product topology to those tuples
which correspond to continuous valuations is stably compact. Finally, by Propdiion
the product topology restricted to the set of (sub-)probability valuations is the same as the
weak upwards topology.

Theorem 39. The setB < 1(X) of continuous probability valuations on a stably compact
space X is stably compact when equipped with the weak upwards top®loglge same
holds forB1(X).

5. Open problems

As we remarked briefly before stating Theor&® we do not have a general result
relating the vague topology dii(X) to the weak upwards topology @A(Xx 1), even for
very well-behaved topological spac¥sThe criterion of success would be if one could
derive Theoren86 as a simple corollary.

As we explained in SectioP.4, domains are characterised by the property that the topol-
ogy can be derived from the order relation alone. It was shobdihthat for a domain the
set of subprobability valuations together with the stochastic order is again a domain, and it
was shown ir[36] that the weak upwards topology is the Scott topology in this situation.
Now even if the specialisation order of a given stably compact spade ) is too sparse to
determine the topology, the stochastic ordef®a1(X) is always quite rich, and there is
a possibility that it might suffice to define the weak upwards topology order-theoretically.
We leave this question, too, as an open problem.
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Finally, we have restricted ourselvestioundedmeasures and valuations throughout.
There is a certain price to pay for this because as a result th@Bex), <) and(B(X), <)
are notdirected complete. While we know that some of our lemmas hold for the more general
setting wherex is allowed as a value, for examl&and18, we do not know how to prove
the main results in the general setting.
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